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Abstract

Data mining, machine learning and artificial intelligence have become important domains in computer
science because they provide solutions to analyze and model technical systems. Real systems can be
modeled using data that contains example relations of the system variables (data samples). Today,
huge datasets are available that can overcharge the construction and learning of current computational
models, while tending to contain details that are irrelevant or redundant. Therefore, feature selection
methods have become a common method to remove less important variables from the data. The removal
of variables allows to construct simpler system models that are expected to have better generalization
capabilities, while requiring a smaller number of data samples to learn the system behavior.

However, all feature selection methods aim on removing those variables completely that are on average
mostly irrelevant. Hence, a subset of variables is kept and the rest is lost. Consequently, a variable that
is only useful in rare situations, will be completely removed.

Our approach aims to avoid this disadvantage. In order to use the variable in spite of that, a more
complicated model can be used for the rare situations, where the variable is relevant. In the rest of the
situations the variable is ignored and the benefits of a simpler model can take effect.

Assuming that the relevance of a variable depends on the location in the feature space, methods were
developed that partition the feature space based on the quantification of local Synergy and Redundancy
using the Multivariate Interaction Information. Ideally, in one partition Redundancy is dominating, which
allows a local feature reduction and therefore a local simple model, while the other partition is domi-
nated by local Synergy and requires the consideration of all features in a more complicated local model
which is able to handle those relevant interdependencies. Depending on the data properties the overall
generalization capability can be improved.
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1 Introduction

1.1 Motivation

Data mining, machine learning and artificial intelligence have become important domains of the com-
puter science because they provide solutions to analyze and model technical systems. Real systems can
be modeled using data that contains example relations of the system variables (data samples).

More data implies more details about the real system. However, today, due to the technological progress
(e.g. internet), huge datasets are available that overcharge the construction and learning of current
computational models. Huge datasets often contain details that are irrelevant or redundant. Therefore,
feature selection method have become a common method to remove less important variables from the
data.

The removal of variables allows to construct simpler system models that are expected to have better gen-
eralization capabilities, while requiring a smaller number of data samples to learn the system behavior.
However, all feature selection methods try to remove those variables completely that are on average
mostly irrelevant. Hence, a subset of variables is kept and the rest is lost. Consequently, a variable that
is only useful in rare situations, will be completely removed.

Our approach aims to avoid this disadvantage. In order to use the variable in spite of that, a more
complicated model can be used for the rare situations, where the variable is relevant. In the rest of the
situations the variable is ignored and the benefits of a simpler model can take effect.

Assuming that the relevance of a variable depends on the location in the feature space, the feature space
can be partitioned and for every partition a corresponding local model can be used.

The main goal of this thesis is the partitioning of the feature space based on the quantification of Synergy
and Redundancy using the Interaction Information.

The Interaction Information is a measure from information theory, which was already used in modern
feature selection methods to identify the most relevant variables [2]. It is a measure for the additional
information about a third variable which one is able to obtain through the interaction of two variables.
The Interaction Information allows to discriminate between Synergy and a Redundancy. In general the
meaning of the word Synergy is that a combined effect of two agents is greater than the sum of their
separate effects. This description is also appropriate for our case:

In a Synergy case two variables do not only provide different information about the third variable, they
are even able to produce new information about the third variable which was not contained in the sep-
arate variables. In contrast the general meaning of the word Redundancy is the state of being not or no
longer needed or useful. In our case the equivalent is that two variables provide the same information
about the third variable, thus only one variable is required.

In the optimal case the partitioning of the feature space leads to one feature subspace in which a Synergy
between the variables is detected and one feature subspace in which a Redundancy is detected. Two
different models are used for both feature subspaces. In the Synergy subspace, all variables are consid-
ered in the model, while a simpler model can be used in the Redundancy feature subspace due to the
irrelevance of at least one variable.

A detailed research on the properties of the Interaction Information was required to reach the goal and
provide three methods for the feature space partitioning based on the Interaction Information.

1.2 Overview

In Section 1.3 a few state-of-the-art feature selection methods based on information measures are dis-
cussed. Afterwards the Information Theory Fundamentals and in particular the Interaction Information,
which are introduced in Section 2. The Interaction Information is an important measure, which allows
the quantification of Synergy and Redundancy in data and in particular in local feature subspaces. Based




on the quantification of Synergy and Redundancy in local feature subspaces the partitioning methods that
are introduced in Section 3.2 are able to partition the two dimensional feature space in two subspaces,
where ideally Synergy is dominating in one feature subspace and Redundancy is dominating in the other
feature subspace. In the Synergy subspace both features are required. Due to the Synergy, more informa-
tion about the output variable can be gained by combining the knowledge of both features. Therefore,
a predictive model that corresponds to that subspace should be able to consider both features in com-
bination. In the Redundancy subspace only one feature is required. Due to the Redundancy, no extra
information about the output variable can be gained from a feature if the other feature is known. Hence,
a predictive model that corresponds to that subspace needs only one input, which allows a simpler model
structure. Several predictive models are introduced in Section 3.3. In Section 4 the predictive capabilities
of global models are compared with pairs of local models. A global model has two inputs in the entire
features space. A pair of local models is used in combination with a partitioned feature space, where the
local model with two inputs is used in the Synergy subspace and the local model with one input is used
in the Redundancy or alternatively in a Non-Interaction subspace. Furthermore, the partitioning methods
from Section 3.2 are tested on experimental data in order to compare the partitioning capability of the
methods. In Section 5 the most important conclusions of the thesis are summarized and in Section 6 an
outlook for future work is presented.

1.3 Related Work

In the past, many feature selection methods based on information measures were developed.

The task of a feature selection method is to find the best feature subset of a exponential large number
(2}\’ —1) of possible feature subsets, where N is the number of features [2] [3]. In order to prevent that
every possible subset has to be tested, common methods have different underlying assumptions.

One approach of feature selection is to rank the variables (features) by their direct relation to the output
variable. At the end the features with the highest rank are selected for the subset.

The feature ranking can be performed under different criteria. For example, a feature can be ranked by
its Mutual Information with the output variable, which is a measure for the information that a feature
shares with the output (see Section 2.2 for more details).

The advantage of the feature ranking approach is its simplicity, only N, scores and the sorting of the
scores have to be computed (ﬁ(Nf )). It is also scalable and robust against overfitting [9].

The assumption that the relevance of a feature can be calculated without considering the rest of the
available features leads to the following disadvantages: High ranked features can be redundant, thus
features in the subset may contain the same information about the output so that a lower ranked feature
which is not redundant would be more useful in the subset than a higher ranked feature. Apart from
that a feature ranking does not consider the circumstance that features which do not have a direct rela-
tion to the output variable can be related to the output variable if they are combined with other variables.

There are also feature selection methods that consider the feature interaction. An implicit considera-
tion of the interaction can be performed by checking how much information about the output variable is
lost if a specific feature is missing. Therefore, the Mutual Information of the output variable and all avail-
able features in combination are compared with the Mutual Information of the output variable and all
features except a specific one in combination. Thus, features can be ranked by the resulting loss in case
of their absence. However, if a feature is relevant in combination with all available features (which is
the assumption) it can be less relevant in combination with a subset of features. Therefore, this method
does not necessarily lead to the optimal subset.

An explicit consideration of the interaction can be performed by using the Interaction Information.
The Interaction Information allows to check whether two features in combination are providing more
information about the output variable than they provide separately. If that is the case, there is a strong
Synergy between the features and the features should be used in combination and therefore both should

6



be kept in the feature subset.

If the two features in combination provide less information about the output than they provide sepa-
rately, there is a strong Redundancy between the features and it is promising to use only one of them.
However, there are different degrees of Synergy and Redundancy. The Interaction Information is described
in detail in Section 2.2.

The Interaction Gain Based Feature Selection (IGFS) [2] uses the Interaction Information and Mutual
Information at the same time, while the relevance of new features is always calculated by considering
only the already selected features. Hence, the feature subset is determined stepwise, requiring a rerank-
ing of the remaining features each time. The ranking criterion has two components: The first one is a
high Mutual Information of the output variable and the feature. The second one is a high Interaction
Information with the already selected features and the output variable.

The Minimum Redundancy - Maximum Relevance criterion (mRMR) [2] [16] is a feature selection method
that as well as the IGFS ranks the remaining features considering the already selected features. The
criterion aims at two desired properties of a feature: The first property is a high Mutual Information of
the output variable and the feature (maximum relevance) and the second property is a small Mutual
Information of the feature and the already selected features (minimum redundancy).

The Max-Dependency feature selection [16] is also a method that selects features incremental. At
first the feature with the highest Mutual Information with the output variable is taken. Afterwards in
every further step the feature is selected that in combination with the already selected features has the
highest Mutual Information with the output variable.

The Conditional Mutual Information Maximization Criterion (CMIM) [2] is another feature selection
method that selects the next feature under consideration of the already selected features. At first for
every possible combination of a remaining feature and an already selected feature the Conditional Mu-
tual Information of the feature and the output variable is calculated given a feature that is already
selected. Hence, for every remaining feature as many Conditional Mutual Information values were
calculated as features are already selected. Then for every remaining feature only the smallest of its
Conditional Mutual Information values is considered and the feature which has the highest minimum
Conditional Mutual Information is selected.

However, all feature selection methods are used to decrease the number of features for one global model
and therefore are considering the entire feature space at once.

Our feature space partitioning based on the Interaction Information is a preparation for a local fea-
ture selection. The feature space is partitioned in one subspace, where only one feature is relevant and
a second subspace, where both features are relevant. A separate local feature selection for both feature
subspaces is the base for two local sub models of different complexities.

In contrast to a decision tree [19], which also performs a local feature selection, the goal is to generate
one complex local model and one simple local model. In contrast, the decision tree aims to partition the
feature space in a way that that both local models have a similar complexity. A comparison can be found
in the experiments section.




2 Information Theory Fundamentals

The fundamentals of modern communication and information theory goes back to Claude E. Shannon
[22]. With his theory, Shannon provides the basis of the quantification of information of data, which
is used in different domains like applied math, electrical engineering and computer science. The infor-
mation theory provides measures to describe several kinds of information which are contained in data.
These measures has successfully been used in data mining applications and feature selection methods
(see Section 1.3). They are also required to study the interactions of variables which is one of the central
points of this thesis.

2.1 Shannon Entropy

The Shannon Entropy is a measure for the uncertainty about a discrete random variable X if no previous
knowledge about X is available.

For a discrete random variable X that can take n discrete values xj, ..., X,,, the Shannon Entropy [22] is
defined as

H(X) == p(x)log, (p(x,)), &)
i=1

where p(x;) is the probability of the event that X takes the value x;. Here the base 2 of the logarithm
was used. Entropies with a base 2 are measured in the unit bit. Using another base b would only mean
a multiplication of the entropy in bit by a constant value ¢, = log;(2). The probability p(x;) takes values
between 0 and 1. In this interval log,(p(x;)) is negative for all values if more than one event is possible
(p(x;) < 1) (see also Figure 64 on page 113). The sum of all probabilities p(x;) is 1. Hence, for more than
one possible event, p(x;) < 1, the term —p(x;)-log,(p(x;)) is always positive (see also Figure 65 on page
113). Because the entropy is the sum of these positive terms, the the entropy is always positive for n > 1.

If X, is a uniformly distributed random variable, all probabilities p(x;) are equal (p(x;) = %) and the
entropy simplifies to

n
HOX) == D pGx)ogs(p(x)) = -+ +logs (1) =—logs () = logs ). @
Pt n n n
The value log,(n) is also the number of bits that is required to discriminate between n cases. Uniformly
distributed random variables X, have the maximum entropy that a random variable can have for a given
number n of discrete values that the variable can take. A random variable X; that can take n values

which is not uniformly distributed has a smaller entropy:

H(X;) < H(X,), 3)

where X, and X;; can respectively take n discrete values.

Joint Entropy

The Shannon entropy of multiple variables in combination is called the Joint Entropy and is based on
the joint probability distribution of the variables. The Joint Entropy of two and three discrete random
variables is defined as follows:

HX,Y) == > p(x,y)log, (p(x;, ), @
i=1 j=1
n m q
H(XJ Y)Z) = _Zzzp(xuy]rxk)log2 (p(xuyjjxk)) s (5)
i=1 j=1 k=1




where X, Y and Z are discrete random variables and n is the number of values that X can take , m is the
number of values that Y can take and q is the number of values that Z can take. The Joint Entropy for
more than three variables is defined in [6].

The Joint Entropy of the variables X and Y equals the entropy of the variable V = (X,Y), where V
can take at most h = n - m combinations v, = (x;,y;), i = 1,..,n, j = 1,..,m, k = 1,...,h with the

probabilities p(v;) = p(x;, ¥;).

The Joint Entropy of X and Y is at most H(X) + H(Y), which is the case if X and Y are indepen-
dent,

H(V)=H(X,Y)<H(X)+H(Y). (6)

Conditional Entropy
The Conditional Entropy H(Y|X) is the rest of uncertainty of the discrete random variable Y if the value
of the discrete random variable X is already known. It is defined as

H(Y|X)=H(X,Y)—H(X) (7
( ZZp(xl,y]nogz (pGxi, ) )—(—Zp(xalogz (p(xi))) ®)
i=1 j= i=1
= (—ZZp(xi,yj)logz (p(xi,¥7) ) ( Z(Zp(x“yj )logz (p(x; ))) 9)
i=1 j=1 = \ =
Ly)log, | ——2— |.
Z ;P(XUJ’J) 082 (P(Xi,}’j)) (10)

If X and Y are independent, H(Y'|X) is equal to H(Y).

2.2 Information Measures

The information measures describe the information that variables share among each other, where differ-
ent conditions can be taken into account. They are defined by differences of several entropy measures.
Information measures allow to quantify the interdependencies of variables.

Mutual Information
The Mutual Information or Transinformation describes the amount of information that two discrete ran-
dom variables X and Y mutually share among each other. It is defined as

I(X;Y)=H(Y)—H(Y|X) an
( ;p(y])logz (p(y]))) ( i;gp(xi,yj)logz(l%)) (12)

— jz::(;p(xl,y]))logz (P(yj))) (— ;JZ:p(xi,yj)logz (%)) (13)
=§gp(xl,y])logz(%) (14)




The Mutual Information I(X;Y) is the difference between the uncertainty of Y and the uncertainty of Y
if X is known (also see the left side of Figure 1).

Hence, knowing X, the uncertainty H(Y) is reduced by I(X; Y) and the remaining uncertainty is H(Y |X).
The Mutual Information I(X;Y) is always non-negative because of relation (6), which leads to

I(X;Y)=HX)+H(Y)—H(X,Y)>0<= H(X,Y) < HX) + H(Y). (15)

If X and Y are independent, they do not share any information among each other:

I(X;Y)=0<= X and Y are independent. (16)

H(Y)

H(X)

H(Y)

H(X,Y) H(X,Y,Z)
Note:
H(X,Y)=H(X]Y)+I(X;Y)+H(Y]|X)

H(X,Y,Z2)=-Q(X;Y;2) H(Z)
+(X;Y[2)+I(X;Z[Y)+H(Y;Z|X)
+H(X]Y,Z)+H(Y[X,Z)+H(Z|X,Y)

Figure 1: Venn diagrams of Mutual Information I(X;Y) and Interaction Information Q(X;Y:Z)*

Remark: The Mutual Information labeled with I and the Entropies labeled with H are always positive,
while the area which is labeled with —Q(X;Y;Z) = I(X;Y) —I(X;Y|Z) can represent a positive or
a negative value. Even though the area of I(X;Y) contains the area of I(X;Y|Z), it is not possible
to find out whether I(X;Y|Z) or I(X;Y) is greater by reading the diagram. But in the diagram the
surface of I(X;Y) is greater than the surface of I(X;Y|Z), hence, the remaining surface is —Q(X;Y;Z) =
I(X;Y)—I(X;Y|Z) that is the reason why the Interaction Information area is labeled with —Q(X;Y;Z)
here, although the area is usually labeled with Q(X;Y;Z) e. g. in [5] and [4].

Conditional Mutual Information
The Conditional Mutual Information describes the amount of information that X and Y share among each
other if the value of Z is known.

IX;Y|Z)=HX,Y)+H(Y,Z)—H(X,Y,Z)—H(Z) 17)
n m q n m q
( ZZZp(xi,yj,xk)logz (p(xi,yj))) + (— D> p(xi, y;,x) log, (p(yj,zk)))
1 j=1 k=1 i=1 j=1 k=1
n m ¢ n m ¢
( Zzp(xuypxk)logz (p(xuy]:xk) ) ( Zzp(xiayj’xk)logz (p(zk)))
i=1 j=1 k=1 i=1 j=1 k=1

(18)

n

LS p(Z )‘P(Xi:J",Z )
= D103 bt o P ). 19)
i=1 j=1 k=1 P(xi:zk)'p(J’pzk)

1 The diagram is inspired by the venn diagrams from [5] and [4]
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The Conditional Mutual Information I(X;Y|Z) is always positive or zero and can be larger or smaller
than the Mutual Information 1(X;Y), it is even possible that they are equal.

Interaction Information

The Interaction Information of three discrete random variables X, Y and Z describes the difference be-
tween the information that X and Y in combination share with Z and the sum of the information that
X and Y separately share with Z. The Interaction Information [6][7]1[18][23][12] is also called Mul-
tivariate Mutual Information or Interaction Gain [2][11]. The Interaction Information for three discrete
random variables is defined as.

QX;Y;2)=1X,Y;Z)—[I(X;Z2) +1(Y; Z)], (20)

where
IX,Y;Z)=H(X,Y)+H(Z)—H(X,Y,Z), 21
IX;Z)=H(X)+H(Z)—H(X,Z), (22)
I(Y;Z)=H(Y)+H(Z)—H(Y,Z). (23)

Thus, the Interaction Information can also be described by entropies:

QX;Y;Z)=HX,Y)+H(Z)—H(X,Y,Z) (24)
—[HX)+H(Z)—HX,Z)+H(Y)+H(Z)—H(Y,Z)] (25)
=H(X,Y)+H(X,Z)+H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y,Z) (26)

o ahy P(Xi:J’ka)'P(xi)'P(J’j)‘P(Zk))
2.2,2 Pl ng( PG y)) PO 20) Py 22) @7)

The value of Q(X;Y; Z) does not change if X, Y and Z are pairwise swapped.

Alternatively, the Interaction Information can be described by the difference between the information
that X and Y share given Z and the information that X and Y share if Z is not given,

QX;Y;2)=1(X;Y|Z)—-I(X;Y). (28)

This description is used to explain the Interaction Information in Figure 2.

The picture shows how the information about Z provided by X and Y separately can be compared with
the information about Z that X and Y provide in combination.

If Z is known the information that is shared between X and Y can increase (I(X;Y|Z) > I(X;Y)) or
decrease (I(X;Y|Z) < I(X;Y)), consequently, the Interaction Information is in contrast to the Mutual
Information and the Conditional Mutual Information able to get negative.

Interpretation of the Interaction Information
For the interpretation of the Interaction Information we distinguish between four cases:

Synergy (Q(X;Y;Z)>0)

A positive value of the Interaction Information indicates that we gain information about a third variable
from the Synergy of the other two.

If I(X,Y;Z) > I(X;Z)+I1(Y;Z), X and Y in combination provide more information about Z than X
and Y provide separately, Q(X;Y;Z) becomes positive. Hence, if you want to predict for example the
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variable Z, you gain more information about Z if you consider X and Y in combination.

Redundancy (Q(X;Y;Z) < 0)

A negative value of the Interaction Information indicates that two variables provide redundant informa-
tion about a third variable.

IfI(X,Y;Z)<I(X;Z)+1(Y;Z),X and Y in combination contain less information about Z than X and Y
separately contain, Q(X;Y;Z) becomes negative. Thus, if you want to predict for example the variable
Z, there is redundant information about Z contained in X and Y

Non-Interaction (Q(X;Y;Z)=0)
If X is independent from Y and Z and also from the combination X,Y, the entropies can be replaced as
follows:

HX,Y,Z)=H(X)+H(Y,Z) < X and (Y, Z) are independent, (29)
H(X,Z)=H(X)+H(Z) < X and Z are independent, (30)
H(X,Y)=H(X)+H(Y) < X and Y are independent. (3D

As result the Interaction Information vanishes:

QX;Y;Z)=H(X,Y)+H(X,Z)+H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y, Z)
=HX)+HY)+HX)+H(Z)+H(Y,Z)—HX)—H(Y)—H(Z)—H(X)—H(Y, Z)
=0. (32)

A more obvious way to describe this case can be obtained after the variables X and Z have been ex-
changed in the equation:

QX;Y;2)=1(X,Y; Z) = [I(X; Z) + 1(Y; Z)]
=1(Z,Y;X)—[1(Z;X)+I(Y;X)] (33)

Because of the independencies, all summands of the Interaction Information are zero:

I(Z,Y;X)=0<= X and (Y, Z) are independent, (34)
I(Z;X) =0 <= X and Z are independent, (35)
I(Y;X)=0<= X and Y are independent, (36)

Q(X;Y;Z) =0<= X is independent from X, Y and (Y, Z). 37)

In this case, X contains and complets no information of Y and Z. Therefore, X is not helpful in any sense
if Y or Z has to be predicted.
The Non-Interaction case does not contain Redundancy or Synergy.

Compensation (Q(X;Y;Z) =0)
There is also the case possible that Redundancy and Synergy are canceling each other out. That can
happen if data contain Redundancy and Synergy (an example can be found in the Appendix A).

In the Appendix A, the manual calculation of the Interaction Information is illustrated for four small
datasets, which are examples for Synergy, Redundancy, Non-Interaction and Compensation.
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Normalization of the Interaction Information
As seen in Figure 1 the maximum absolute value of the Interaction Information is bounded by the smallest
entropy value of the involved variables,

|Q(X;Y; Z)| < min(H(X), H(Y), H(Z)). (38)
Therefore, a normalized measure of the Interaction Information can be created as follows:

QX;Y;Z)
s mEo.H.HZ) = (39

The normalization allows a better evaluation of the Interaction Information, which also can be repre-
sented in percent (%). The boundaries can be interpreted in the following manner:

QX;Y;Z) — 100% (pure Syneray)
min(H(X),H(Y),H(Z)) p ynergy),
QX;Y;7) _
min(H(X),H(Y),H(Z)) 100% (pure Redundancy).

However, if the normalized value of Q(X;Y;Z) should describe the relative ratio of information about
the variable Z that is provided by the Interaction Information of X,Y and Z, the normalization has to be
calculated in relation to H(Z):

QX;Y;2)
—_, =22
~  H(Z)
~ min(H(X),H(Y),H(Z))
‘= H(Z)

< ¢ (Percentage of H(Z) that is covered by the Synergy or Redundancy of X and Y),

,0<c<1 (40)

Ifc<1li e min(HX),H(Y),H(Z))<H(Z), |Q(§é;)z)| can not achieve 100% because H(X) or H(Y) or

both are smaller than H(Z) and therefore Q(X;Y;Z) < H(Z).

Interaction Information for more than three variables

The Interaction Information for more than three variables does not allow the identification of Synergy
and Redundancy by observing whether it is positive or negative.

For example, if there are four variables, there can be a relation of the values s = x ® y &z, which describes
a Synergy and the relation s = x = y = z, which describes a Redundancy. In both cases the Interaction
Information is +1bit [24].

The definition of the generalized Interaction Information for n variables can be found in [4] and [6].
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Information about Z that X and Y provide separately: Information about Z that X and Y provide jointly (X,Y):
H(X H(Y)

H(Z) H(2Z)

1(X;Z) + I(Y;2Z) 1(X;Z]Y) - Q(X;Y;2Z) + I(Y;Z]X)

Removing I(Y;Z) on both sides leads to:

H(X

Synergy:
Q(X;Y;2) > 0 <=> I(X;2) < I(X;Z]Y)
) H@2) Redundancy:

= IX:ZIY) - Q(X:Y:2)

Figure 2: Venn diagrams: Explanation of the Interaction Information by comparing the Mutual Information with
the Conditional Mutual Information

2.3 Data preparation, Conditions, Assumptions and Definitions

In order to use the information measures from Section 2.2 a suitable Discrete Probability Density Function
of the variables is required. The purpose of this section is to discuss how a suitable Discrete Probability
Density Function can be obtained from given data.

Data can consist of different variable types. We discriminate between the following types:

Categorical Variables (Classes)
Every value that a categorical variable can take stands for a category or class. The only relation of two
different categories is that they are unequal.

Ordinal Variables (Ranks)

Every value that an ordinal variable can take stands for a rank or level. Therefore, it is known if one
value is higher or smaller than another value, but not how great the difference of both is.

The values can also be understood as ordered categories.

Interval Variables (Numbers)
Every value that an interval variable can take stands for a rank while the distance between two consecu-
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tive ranks has a certain defined distance. This distance is the minimal distance that two ranks or values
can have. Therefore, two arbitrary values have a distance which is a multiple of the minimal distance.
Numbers that are used in digital domains are usually described by interval variables. The accuracy of a
variable type which is used to represent numbers is determined by the minimal distance.

Continuous Variables
Continuous variables can take infinite different values that are lying in a finite interval. Therefore, the
accuracy of a variable is infinite and can not be described by a digital variable.

Discrete Variables

A discrete variable can take a finite number of different values that are lying in a finite interval. Hence,
the accuracy of a variable is finite and can be described by a digital value e. g. by an interval variable.
Discrete variables are used to approximate continuous variables. In the communications engineering do-
main an analog-to-digital-converter is used to quantize the continuous values by dividing the continuous
space into intervals of equal size and replacing all values that are lying in an interval by the one value
that is positioned in the middle of the interval.

Discrete Probability Density Function

The information theory formulas in Section 2 are based on the entropy formula. The entropy formula
[equation (1)] describes the entropy of a random variable and is calculated from probabilities of the
discrete values that the variable can take. Therefore, a Discrete Probability Density Function is a precon-
dition to use the mentioned formulas. The entropy can also be calculated based on an exact continuous
probability density function, which can not be reconstructed from data with a finite number of samples.
A Discrete Probability Density Function can be calculated from the data as showed in the calculation ex-
amples in Appendix A.

The the number of parameters of the Discrete Probability Density Function of a discrete variable equals
the number of diverse values that a variable can take. Every parameter stands for the probability that
the corresponding variable takes a certain value. Consequently, the parameter number of the Discrete
Probability Density Function increases with the accuracy of the discrete variable. Because the Discrete
Probability Density Function is comparable with a model, which is trained by data samples, overfitting
occurs if the number of samples is to low for the number of parameters.

For example, if the data contains 1,000 samples with values of a variable and the variable can take
10,000 values. Then there will be at least 9,000 possible values which did not occur in the data. Conse-
quently, their probability of occurrence is assumed to be zero. If this is the case, the Discrete Probability
Density Function is overfitted to the data. The number of parameters is too high compared to the number
of data samples for reliable determinations of the parameters.

The smaller the number of parameters the better the reliability of the parameter determination for a
given number of samples.

Quantization of variables that are already discrete

In order to reduce the number of parameters of the Discrete Probability Density Function, a discrete vari-
able can be quantized to reduce the number of values that it can take. Therefore, the space is divided
into intervals of equal size and all values that are lying in an interval are replaced by the value that
is positioned in the middle of the interval. The number of intervals is the new number of values that
the quantized variable can take and therefore the new number of parameters of the Discrete Probability
Density Function. The number of examples of the variable should be much larger than the number of
parameters in order to avoid overfitting.

With a simplified model of the Discrete Probability Density Function of a variable, less data samples of the
variable are required for a reasonable approximation of the Discrete Probability Density Function. In or-
der to determine the entropy of a variable, a reasonable approximation of the Discrete Probability Density
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Function of the variable is required.

Comparison of the variable types for the entropy calculation

The entropy equation (1) treats the variables as categorical variables because it does not take into ac-
count if one value is higher than another one. However, the parameter number of the Discrete Probability
Density Function of an interval or an ordinal variable can be reasonably reduced by a quantization. That
means similar values are grouped to one value in order to reduce the number of values that are dis-
tinguished by the Discrete Probability Density Function. The number of values that categorical variables
can take is usually not reducable by grouping similar categories in one category because there is no
measure of similarity between the categories. However, the number of existing categories is supposed
to be smaller than the number of values that interval variables can take because the categories are often
defined manually by humans. Humans usually do not tend to discriminate between huge numbers of
categories.
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3 Feature space partitioning and learning methods

3.1 Local properties of the Interaction Information

In this section the influence of a feature space partitioning on the Interaction Information is discussed.

3.1.1 Synergy and Redundancy are local properties of the feature space

In this section the Synergy and Redundancy which were introduced in Section 2.2 are considered in a
discrete feature space. The feature space consists of combinations of x; and y; values, while z; describes
the output values, where i € {1,...,n}, j € {1,...,m}, ke {1,...,q}.

The Interaction Information can be calculated from the entropies H(X), H(Y), H(Z), H(X,Y), H(X, Z),
H(Y,Z) and H(X,Y,Z). H(X) can be determined from the Discrete Probability Density Function
p(x;),Vi€{1,..,n} and H(X,Y) from p(x;, y;), Vi €{1,...,n},j € {1,...,m} and so on.

Assume that the Discrete Probability Density Functions of X, Y, Z and all possible combinations of the
variables are known. For example, the Discrete Probability Density Functions can be approximated based
on given data samples.

Every Discrete Probability Density Function can be represented by a histogram. The Discrete Joint Proba-
bility Density Functions like p(x;, y;) are not appropriate for a simple illustration, hence, Figure 3 depicts
an arbitrary Discrete Probability Density Function p(x;) of X as an example, where the probability of every
value x; that X can take, is specified.

0.1

Probability p(x;)

0.1 0.1
X1 X2

Figure 3: Historgram of an arbitrary Discrete Probability Density Function p(x;)

X3 X4 X5 Xg

Local Feature Spaces and Feature Space Partitioning

A local feature subspace, is a smaller part of the entire feature space. A local property is a property that
can be determined for every considered local subspace, while the result depends on the areas that the
chosen local subspace contains. There are two types of feature spaces that are considered here. The
first type is a space, where a position consists of values of interval variables, therefore, a distance or
similarity between two positions in the space can be considered. The more general first type is a space,
where a position consists of values of categorical variables, hence, there is no meaningful consideration
of distance or similarity between two positions possible.

The second space type is a space, where a similar relation between variables is expected in local areas,
due the circumstance that values with small distances from each other have similar meanings. In that
kind of spaces, it can be reasonable to form local subspaces that contain samples which have small dis-
tances from each other in the feature space.

Looking at Figure 3 again, the values x,, ..., X can represent categories or numbers. However, categories
are discussed here because conclusions about the information of categories can be transferred on the less
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general case of numbers.

A partitioning of the feature space produces a new data sample subset for every feature subspace, where
the only condition is that the samples which have the same input value combinations have to be in the
same data sample subset because the partitioning can only discriminate samples in the feature space but
not based on the output value. An arbitrary partitioning of the data sample set is performed by assigning
all samples, where x; € {x,x,,xg} to feature subspace 1 and all samples, where x; € {x3, X4, X5} to
feature subspace 2. Figures 4 and 5 are depicting the histograms of X in both feature subspaces.

0.33 0.33 0.33
g
(=9
£
E
®
=}
2
[=9)

0 0 0
X] Xy X3 X4 X5 X

Figure 4: Historgram of the Discrete Probability Density Function p(x;) of feature subspace 1
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— 0.29 0.29
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e
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X3 Xz X3 X4 X5 Xg

Figure 5: Historgram of the Discrete Probability Density Function p(x;) of feature subspace 2

The Discrete Probability Density Functions p(x;) of X in the local feature subspaces are and the entire fea-
ture space differ from each other. Hence, the entropy H(X) is different in every local feature subspace.

Entropies
Entire feature space: H(X) =—3-0.110og,(0.1) —2-0.21og,(0.2) — 0.310g,(0.3) = 2.4464bit

Feature subspace 1: H(X,,;,;) = —3-0.333310g,(0.3333) = 1.5849bit
Feature subspace 2: H(X,,;,) = —2-0.285710g,(0.2857) — 0.428610g,(0.4286) = 1.5566bit

The probability that a sample lies in feature subspace 1 is p(W = w;) = 0.3 and the probability that a
sample lies in feature subspace 2 is p(W = w,) = 0.7. Hence, knowing the feature subspace provides an

information that reduces the entropy H(X).
The entropy of the assignment is: H(W) =—0.3-10g,(0.3)—0.7 - log,(0.7) = 0.8813bit
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The exact reduction of the entropy can be determined using the following equations

H(X|Y)=H(X,Y)—H(Y)and 41
HX|Y) =) py(y)HXIY =y;) (42)
Yi

from [8].
If the value x is known, the value w of W is also known H(W|X) = 0. Using that knowledge in equations
(41) and (42) leads to

H(W|X) =H(W,X)—H(X) = 0 < H(W,X) = H(X,W) = H(X),
HX|W)=H(X,W)—H(W)=HX)—H(W)
=p(W =w;)-HX|W =w;)+p(W =w,) - HX|W = w,)
=p(w1) - HXup1) + p(w3) - HXyp2)-

As a matter of fact the entropy H(X) is reduced by the entropy H(W) if subsets of the entire data set are
considered H(X) —H(W) = p(w) - H(X;yp1) + p(W3) - HXyp2)-

Also the remaining entropies that occur in the Interaction Information

QX;Y;Z)=HX,Y)+H(X,Z)+H(Y,Z)-HX)—H(Y)—H(Z)-H(X,Y,Z)

are different in local feature subspaces due to the changes in their Discrete Probability Density Functions
caused by the partitioning. Even the entropies that do not contain a X have another sample data set,
therefore, they can change, too.

The experiments in Section 4.4.1 are showing how different kinds of partitionings affect the Interaction
Information in local feature subspaces.

3.1.2 Information Decomposition: Information Maps

In order to create Information Maps that allow to depict the local shares of information measures, the
information measures can be decomposed in their local summands.

As already shown in Section 2 the information measures can be determined from the marginal and joint
probability distributions of X, Y and Z.

Mutual Information

Zn Zm p(xi:.yj) )
N = . . 1 _—_—
1) i=1 j=1p(x“y]) o2 (P(Xi)'P(yj) “)

Conditional Mutual Information

n

= d p(zk)'p(xinyjazk))
I(X;Y|Z)= HYnZol 44
ERCEDD DRI ng(p(xi,zu-p(yj,zk) (4
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Interaction Information

QX;Y;2) = I(X;Y12)—I(X;Y) (45)
QX;Y;2)=).> a (46)
i=1 j=1
p(x;, ;) ) d (p(zk)-p(xi,yj,zk))
% = P00 ;) OgZ(p(xi)-p(yj) P L e s ) IS

These formulas are sums of components which correspond to local parts of the probability distributions
of the variables. Hence, conclusions about influences of the local probabilities can be made. However,
we have to keep in mind, that a local probability is influenced by data samples from all locations, because
it is calculated relatively to the probabilities at other locations. Therefore, a partitioning of the feature
space would change the local probabilities in the local feature subspaces and simultaneously the local
components.

Mutual Information share at position (x, y):

. X,
i(x,y) =p(x,y)10gz(M) (48)
p(x)-p(y)
Conditional Mutual Information share at position (x, y):
q
: (z1) - p(x, ¥, %)
L(x,y)= Zp(x,y,zk)logz (p ERAUbS ) (49)
k=1 p(x,2) - p(y, %)
Interaction Information share at position (x, y):
q:(x,y) =i;(x, y)—i(x,y) (50)

where the local values can be calculated for all discrete locations (x, y), x € {x1,...,X,},¥Y € {¥1,--» Ym}
in the feature space.

The values at all positions (x,y) in the feature space together can be drawn on a map that we call
Information Map or in particular Mutual Information Map, Conditional Mutual Information Map and In-
teraction Information Map.

Interesting examples of the Information Maps and a few more remarks can be found in Section 4.2.1.

Because the Interaction Information Map provides very useful information about the local influences of
the Interaction Information it is used in the partitioning Method 3: Map Reinforcement, which provides a
good partitioning capability, while being the fastest of the three developed methods (see Section 3.2.3).
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3.2 Feature space partitioning methods

Utilization of a partitioned feature space

The partitioned feature space should have a feature subspace, where more information about the output
variable can be gained by combining the knowledge of both features and a second feature subspace,
where no extra information about the output variable can be gained from a feature if the other feature
is known. In that case two local models of different complexity can be used. One complex local model
that considers interactions of two inputs and one simple local model that has only one input.

Some predictive models are able to remove irrelevant features autonomous, if that is the case, two iden-
tical models can be used as local models, where one of the models simplifies its structure while training.
However, many models are not able to remove features, therefore, the following rules for a local feature
selection can be used in order to two local models with a different number of inputs correctly:

Local feature selection rules for a local feature subspace:

The following rules can be applied for every feature subspace, where 0 < 7,7, < 1 are thresholds.
The higher the thresholds the more the rules tend to remove features. Small values of 7, and 7, are
reasonable.
1 If % > 1,, both features are relevant due to a Synergy.

2) If —Q(z;é;)z) > 1— 14, both features provide redundant information about the output variables, thus,
one feature can be removed. If I(X;Z) > I(Y;Z), Y should be removed, else X should be removed.

3) If IQ(ﬁé;)Z)I < 7, and % < T,, the interaction of X and Y as well as the information that X provides
about the output variable are negligible. X can be removed.

4) If |Q(flé§;)z )| < 7, and II(;EZZ)) < T,, the interaction of X and Y as well as the information that Y provides

about the output variable are negligible. Y can be removed.

5) If |Q(§g;)z)| < 7, and Igi;zz))’lgz;zz)) > T, the interaction of the features X and Y is negligible but both

features provide unequal information about the output variable. No feature can be removed. The model
does not require a consideration of an interaction (e.g. Naive Bayesian Classifier).

The partitioning methods aim in particular on finding feature subspaces, where Synergy or Redundany is
dominant.

However, the partitioning criterion can be modified in order to find feature spaces, where Non-Interaction
is dominating by minimizing the information measures from rule 3) or 4).

It would also be possible to consider the information measures of both feature subspaces at the same
time in order to maximize the Synergy in one feature subspace and maximize the Redundancy in the
other feature subspace but a part of the Synergy could be lost using that approach.

Introduction that refers to all partitioning methods

The following methods are designed to partition the 2D feature space into two feature subspaces. All
methods decompose the feature space in N rectangular sectors of equal size. A few examples for sector
decompositions of the feature space are illustrated in Figure 6-9. In order to define a sector size, the
number of neighboring values, that are covered in x-direction and in y-direction by one sector, is defined.
The smallest sector size (1x1) covers only one discrete x-y-value combination. The size of the sectors
defines the number of required sectors to cover the feature space and thereby the complexity of the
sector assignment problem. Every sector is either assigned to the feature subspace 1 or to the feature
subspace 0. All assignments can be described by a binary number that consists of as many bits as sectors
are used. The goal of the partitioning methods is for example to find the feature subspace where the
corresponding subdataset reaches the highest Interaction Information. The methods can also be modified
to find feature subspaces using other optimization criteria. The number of possible sector assignment
combinations is 2~ if at least one of the N sectors is assigned to every feature subspace. As well
as the feature selection problem this problem is a NP-hard problem, where all combinations has to be
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tested to be sure, that a global optimum was found. Therefore, if the number of sectors N is small, all
2WN=1 sectors assignment combinations can be tested and the best combination can be determined by
comparing the results.

The following methods are designed for high numbers of N. For high numbers of N the search for the
best combination is performed, while making assumptions that reduce the search space to decrease the
search time. That means that usually only a subset of possible combinations was tested until the methods
stop. Therefore, the methods do not guarantee to provide the globally optimal result.
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Figure 6: Decomposition of the feature space in sectors with a size of 1x1. Every rectangle in magenta is one
sector.
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Figure 7: Decomposition of the feature space in sectors with a size of 2x2. Every rectangle in magenta is one
sector.
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Figure 8: Decomposition of the feature space in sectors with a size of 4x1. Every rectangle in magenta is one
sector.
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Figure 9: Decomposition of the feature space in sectors with a size of 4x4. Every rectangle in magenta is one
sector.

22



3.2.1 Method 1: Genetic Algorithm based feature space partitioning

Method 1 evaluates definite combinatorical sector assignments while the optimization. In contrast, the
optimization process of the other methods considers relaxed sector assignments.

A Genetic Algorithm (GA) is based on mechanisms that were observed in the biological evolution. Every
genotype is a representation of the corresponding phenotype. There is a mapping from certain genotype
to the corresponding phenotype known, but not vice versa. The genotype can be manipulated in order to
optimize the phenotype in terms of maximizing the fitness of the phenotype. Mechanisms like Selection,
Recombination and Mutation that are known from the biological evolution are used to find a genotype
that produces a phenotype with the requested condition. The requested condition is represented by a
fitness function, that has to be maximized while the optimization.

For the feature space partitioning task the sector assignment to the feature subspaces is the genotype and
phenotype consists of subdatasets of the resulting feature subspaces and the corresponding information
measures.

The genotypes in GAs are traditionally represented by bit vectors. Therefore, the sector assignment to
the subspaces, which is already represented by a bit vector, is a suitable genotype for the GA. In addition,
small changes of the genotype lead to small changes in the phenotype, which is an intended character-
istic for the genotype to phenotype mapping in a GA. Hence, the more bits in the genotype are inverted
the more the subdatasets of the phenotype will change.

The fitness function depends on the properties that are required for the feature subspaces. For example,
if a feature subspace is searched where the Synergy is maximal, the Q-value of one considered feature
space can be used as fitness function. Consequently, the GA would search for the sector assignment that
leads to the highest Q-value in the considered feature subspace.

Figure 10 shows a flowchart of a GA, where the main elements of a GA are depicted. In GAs the
Recombination is the dominant part of the population modification, while the Mutation is secondary [1].

The blocks that are shown in the flowchart where implemented as follows:

Parameters

The following parameters have to be set before the GA can be started:

T: Maximum number of generations (number of iterations)

u = A: Number of individuals per generation (size of the population)

b: Number of bits that a genotype has (number of considered sectors in the feature space)
S: Selection pressure 1 < S < 2 (S = 2: Highest pressure, S = 1: No pressure)

k = n,4in.: Number of random crossover points while the recombination

D Probability for every bit of a genotype that it is inverted while the mutation

e: Number of best parents that are kept for the next generation (e > 0: Elitism)

1.) Generate the initial population

In order to generate the initial population, u bit vector x;, i = 1,..., u with a length of b are randomly
generated. This population can be represented by a u x b matrix with bits entries that consists of the x;
vectors.

Note: The number of sectors b should only consider the sectors that contain data samples. The as-
signment of the empty sectors would not take effect on the Interaction Information, but it would unnec-
essarily increase the degree of freedom. For the case that test samples fall in sectors that were empty in
the training data, the empty sectors have to be assigned to a feature subspace. For example all empty
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sectors can be assigned to the feature subspace with the more complex model that considers feature
interactions. Alternatively, the empty sectors can be assigned to the same feature subspace to that the
most of their neighboring sectors are assigned to.

' ™)
Generate initial
Parameters [f------- > .
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U new parents Calculate fitness
of individuals
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satisfied?
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Figure 10: Flowchart of the Genetic Algorithm

2.) Calculate fitness of the individuals

In order to calculate the fitness of a individual i with the genotype x;, the phenotype has to be created
from the individual’s genotype. The genotype is our sector assignment and therefore the feature space
partitioning. For every sector there is a bit that assigns the sector to one of the two subspaces. The
feature subspace O consist of all sectors with an assignment bit that is set to 0 and in the same manner
the feature subspace 1 consist of all sectors with an assignment bit that is set to 1. If the partitioning
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was performed, the original dataset can be divided in the dataset Dy ; of subspace 0 and dataset D, ; of
subspace 1.

The fitness of an individual i is the fitness of the corresponding phenotype that where created from the
genotype X;.
Here are some example fitness functions f, which are supposed to be maximized from generation to
generation:

1.) Goal: Maximum Synergy in feature subspace 1:

f()=f(Dg;, D11 %) = Q(Dq;) =Qy; (51)

2.) Goal: Maximum Redundancy in feature subspace 1:

f(0)=f(Dg;,Dy14,%) = —Q(D1;) = —Qy; (52)

More fitness function examples can be found in the Appendix E on page 121.

3.) Termination condition

If the termination condition is satisfied, the GA is stoped and the best individual of the current generation
is returned by the GA. In many cases a good termination condition is that the fitness function achieves a
given value in order to guarantee a certain quality of the result.

In the feature space partitioning application, it is not easy to evaluate the potential for improvement i.
e. it is not clear whether a certain value can be achieved. Therefore, the termination condition is that
the maximum number of generations T is achieved. Alternatively, a maximum number of generations,
where no progress was observed, can be defined.

4.) Linear Ranking Selection

For the Linear Ranking Selection [1] the individuals are ranked by their fitness f (i). The individual i = h
with the highest fitness value has the rank r, = 1 and the individual i = [ with the lowest fitness has the
rank r; = u. Using the ranks r; of the individuals i = 1, ..., u, the selection probability of a individual p;
can be calculated with the following function:

1 —_— .
pi:_,(2_5+2.(g_1).u),1S532,i=1,...,,u (53)

p u—l
2 —r

Pils=2 = —- i (54)
u p—1
1

Pils=1=— (55)
u

where S is the selection pressure. p; increases linear with r;. If the selection pressure is high (S = 2) the
selection probability p; of the individual with the lowest fitness is zero, while the p; of the individual with
the highest fitness is twice as high as the p; of the middle ranked individual. If the selection pressure is
low (S = 1) the p; of all individuals is the same. For the middle ranked individual p; = i holds true for
every S (see Figure 11).
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Figure 11: Graph of the selection probability p; from equation 53 for y = 17 and different values of S

In order to prepare the recombination of the individuals, %u pairs of individuals are selected as parents
for the new generation.

The can be done by filling a list with u selected individuals, where the selection probability of an indi-
vidual i is p;. Hence, the list of selected individuals can contain duplicates and some of the previous
individuals can be missing. The expected average fitness in the list of selected individuals is higher than
the average fitness in the current generation, if S > 1.

The %,u pairs of parents are created by assigning to every second individual the previous individual in
the list.

5.) k-point Crossover Recombination

Every pair of parents produces two offspring by using the k-point Crossover Recombination, which mixes
the bit vectors (genotypes) with the length b of the parents. For every pair k random values z, ..., 2
are picked out of the pool 1,2,...,b in “drawing without replacement“ manner. The values are sorted
from the smallest z; to the highest z,. The bit vectors are segmented, using the values zy, ..., ;. Every z;
contains the bit number of a bit which is the last bit of a segment of the bit vector. Hence, the bit vectors
of both parents is divided in k segments. The k-point crossover is performed by exchanging every second
segment of the parents in order to create two new bit vectors of the offspring.

Example:

Given:
b=8k=2:2,=2,2,=6
Parent 1: 11011010
Parent 2: 10101010

Crossover:

Parent 1: 11|0110|10
Parent 2: 10/1010]|10
Descendant 1: 11/1010|10
Descendant 2: 10/0110|10

If % u recombinations were performed, u new offspring are created.

6.) Mutation of the offspring
The mutation is secondary in a GA [1]. Hence, the change of the population should be dominated
by the recombination, not by the mutation. The mutation can be performed by inverting each bit of ev-
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ery descendant with a probability of p,,, which is a parameter of the GA that should be chosen very small.

7.) Compose the new generation

The parameter e contains the number of best ranked parents that are kept for the next generation. Be-
cause the new generation should consist of u individuals, there is only the space for the (u — e) best
ranked offspring left. If e = 0 all parents are replaced by all offspring.

The case e > 0 is called elitism, which is used to guarantee that the best individual, that was created
in the present generations, can not be lost. In order to use elitism, the fitness value of all new u off-
spring, as already was shown in 2.) Calculate fitness of the individuals, has to be calculated to identify
the (u — e) fittest offspring. The elitism leads to a convergence of the optimization, but it has the
disadvantage that the optimization process is dominated by a few individuals. The consequence is a
higher risk of a fast convergence into a local fitness maximum [1]. At the end the new generation with
w individuals consists of e parents from the last generation and (u—e) offspring from the last generation.

Advantages of the Genetic Algorithm for feature space partitioning:

1.) The optimization criterion can easily be changed by changing the fitness function.

2.) The complexity of the optimization can be scaled by the number of used sectors.

3.) Recombination of approved results instead of random mutation (see old method in Appendix D).
4.) Elitism is optional.

5.) Competition between several parallel results.

6.) Slight mutations can help to leave local optima.

Disadvantages of the Genetic Algorithm for feature space partitioning:

1.) Due to the random elements of the algorithm, the results can differ from run to run.

2.) Compared to methods 2 and 3 the required computation time is enormous (T - u - N calculations of
the Interaction Information are required).
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Data Partitioning Methods with relaxed sector assignments

In this section the goal is to find a solution for the feature space partitioning using a mathematical ap-
proach that has no random components.

In the previous descriptions the feature space partitioning can be represented by a decomposition of the
whole feature space in sectors and an assignment of the sectors into two feature subspaces.

Therefore, the assignments to the feature subspaces are binary that means a sector is either completely
contained in a feature subspace or completely excluded.

Consequently, there is no gradient of the Interaction Information Q(X;Y;Z) because the parameters of
the assignment have only two states.

The information in every data sample that is not assigned to the considered feature subspace is com-
pletely lost, hence there is no information that allows to measure how the data sample would influence
the Interaction Information if it was included in the feature subspace.

Apart from that, it is not possible to measure how the Interaction Information would change, if some of
the data samples in the considered feature subspace were removed from the feature subspace.

Original problem

The given data consist of h data samples that are lying distributed in the entire feature space. The goal is
to find a feature subspace, where the subset of data samples are lying that lead to a maximum Interaction
Information Q in the feature subspace.

The entire feature space is decomposed in sectors of equal size and all data samples that are lying in one
sector are assigned at once to the feature space if the sector is assigned to the feature subspace. The use
of sectors reduces the number of data sample assignment combinations.

For every data sample there is an assignment value w;,l = 1,...,h. The feature subspace 1, contains
all data samples s; which have the assignment value w; = 1,1 = 1,..., h, while the feature subspace 0
contains all samples s; which have the assignment value w; = 0,1l = 1,...,h. The values w;,l =1,..,h
have to be equal if they are lying in the same sector.

Relaxation

A relaxation of the conditions in the optimization problem allows to transfer the NP-hard problem into
a problem that can be solved in polynomial time. The relaxed problem can be solved using linear opti-
mization techniques. The kind of relaxation that is used in the following descriptions is inspired by the
"“Linear programming relaxation [25] and the "Lagrangian relaxation" [13].

The constraint that the assignment values w;,l =1, .., h have to be 0 or 1 is relaxed. Hence, w;,l =1, ..,h
can take all numbers between 0 and 1. The Interaction Information Q(X;Y ; Z) with weighted frequency
of occurrence of the data samples using a weighting vector w can be determined as follows

w; € {0, 1} (without relaxation), (56)
0 < w; <1 (with relaxation), (57)
[=1,..,h.

Thus, w; = 0.7 (for example) is an allowed case and means that sector [ is 70% part of the feature
subspace 1 and 30% part of the feature subspace 0.

The linear programming relaxation allows to use common optimization techniques like the gradient de-
scent algorithm.

As well as in the original problem the values w;,l =1, .., h have to be equal if they are lying in the same
sector.
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In order to obtain a realizable partitioning, the constraint from equation (56) has to be satisfied again at
the final result.
The easiest way to bring the constraint back into the result is the following quantization:

IfO<w; <05setw; =0, (58)
If0.5<w, <1lsetw; =1, (59)
Vi=1,.,h.

However, the more the values w;, [ = 1,..,h are close to 0.5 the more the quantized final result differs
from the optimized result before.

In order to push the values close to O or 1 while the optimization process, the constraint is gradual
included into the later optimization steps using a penalty function f,(w ).

The value of the penalty function increases the more the constraints are violated.

¢ h

fyw) =2 min((1—w),w))), 1<c <2, (60)
=1

0<f, <. (61)

If ¢ > 1 is chosen, the constraint violations are exponentially weighted.

If the Interaction Information Q(f VA ) in the feature subspace 1 has to be maximized, the cost function
C(w, t) with included penalty function f,(w) can be written as follows:

C(W,f):—Q(X;?;Z)'(1—T(t)'fp(w)), (62)
r0=(3)", 63)
1<c <10, (64)

where t is the current optimization step and T the maximum number of optimization steps. The higher
the value c, the later the constraint takes a significant effect in the optimization process.

Due to the penalty function f,(w) minimization while the optimization, the final quantization (see (58)
and (59)) will not change the result as much as before. Better final results can be expected if already the
optimization itself is able to take the constraints into account, before the quantization is applied.

Interaction Information with weighted frequency of occurrence of the data samples

In order to calculate the Interaction Information Q(X; Y ; Z) with weighted frequency of occurrence of the
data samples using a weighting vector w, the probabilities in the following formular are dependent from
the weighting vector w.

Note: All components that are marked with a tilde (7.), are changing due to the consideration of the
weighting vector w.

n m (¢
Q=QX;V;20) =)D > ik (65)

i=1 j=1 k=1

@i = Dijx (logo(Pi i) —10g,(Bi }) — logy(Pix) — 108, (B 1) + log,(B;) + log,(B;) +10g,(Br))  (66)
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The weighting vector consists of h weights because h samples are given.

w =Wy, wy,.,w,)’, 0<w,<1Vv=1,..,h.

67)

Table 1 shows for every weight the corresponding data sample that is weighted in its frequency of

occurrence.

Table 1: Data samples with weighted frequency of occurrence
|  Weighted data samples |

Frequency Data samples
Wi S11 | S1,2 | S13
Wo $21 | S22 | Sa3
Wy Si1 | S12 | Si3
Wh Shi1 | Sn2 | Sh3

The following functions are designed to allow a consideration of the data samples in the calculation of

the probabilities that are required to calculate the Interaction Information QX;Y;2).

L e

dyijiy=06(s31—x;) 6(s0— ;) 0(s13—2)

diijy=06(s1—x;)-6(s2—Y;)
dy iy =06(s;,1—x;) - 6(s,3—2)
dl,(j,k) = 5(51,2 _J’j) : 5(51,3 —2)

d; iy =0(s;1—x;)

dijy=06(s2—¥;)

d oy =0(s;3—2)

Vi=1,..,n,j=1,...m k=1,...,q,l=1,....,h

~ 1
Pi,j,k(Wl, e Wp) = S_ ZWV : dv,(i,j,k)
wy=1
1 h
B Wa oo wi) = o D Wy dygi)
wop=1
1 h
ﬁ',k(Wb o W) = S_ ZWZ} : dv,(i,k)
wy=1
1 h
ﬁj’k(wl, ceey Wh) = S_ ZWU . dy,(]‘,k)
w =1

(68)

(69
(70)
(71)
(72)
(73)
(74)
(75)

(76)

(77)

(78)

(79)
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h
~ 1
Biwr, i) = = 2w,y (80)

wop=1

h
~ 1
B ) = 2>y gy @)

w =1

h
~ 1
Pr(wy, .., wy) = S_ZWV “dy (1) (82)

w =1

h
S,=>.w, (83)
v=1

Vi=1,..,n,j=1,...,m, k=1,...,q,1 =1,...,h
Relaxed sector assignments w
A relaxed sector assignment means an identical, relaxed assignment of all samples that are contained
in the same sector of the feature space. Hence, a new weighting vector w is introduced to describe the
sector assignments.

w = (wq,...,w;) (sample assignments), (84)

w = (W, ..., wy) (sector assignments), (85)

N <h, (86)

wy = Wy, (87)
[=1,..,h,

where s(1) is the sector which contains the sample [ in the feature space. The greater the size of the
sectors the smaller is the number of sectors and therewith the number of weights in w compared to the
number of weights in w. If sectors are used, the weighting vectors w and w can be transformed into
each other (W < w). They contain the same information if the sectors are already defined. Thus, all
functions that are dependent from w can also be written in dependence from w.

There are three main reasons why sector assignments are used instead of sample assignments:

1) Samples that are at the same location in the quantized feature space are summarized and share
one assignment weight. Which is reasonable because a feature space partitioning is not able to separate
samples which are lying at the same location in the feature space.

2) The complexity of the assignment problem is reduced due to a smaller number of assignment weights.
3) If the feature space partitioning and training of the local models was performed, a prediction on test
samples that did not occur in the training can be desired. These test samples can be assigned to a feature
subspace if they are lying in an assigned sector.
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3.2.2 Method 2: Gradient descent algorithm using relaxed sector assignments

The Interaction Information can be derived by the frequency of occurrence of every data sample.
The complete and exact calculation of

3QX;Y;Z)
awl
3QX;Y;7)
vQX;v;2)=| o (88)
3QX;Y;7)
dwp,

can be found in the appendix C.

Alternatively, an approximation of the derivation can be calculated using the Difference Quotient.

df(x) | flx+Ax)—f(x)

89
dx Ax (89)
The Difference Quotient can be used to approximate the following derivations:
2Q(X;Y;7)
owy
9QX;Y;Z)
VQX;Y;2) = ows (90)
8Q(§.;17;§)
dwy,
0QX:Y:Z) Qawi—Q
Q( ) ~ 2amt — Qo ©1)
ow; Aw
Qawi = Q()?: ?; Z)|w=(w1,A,wl+Aw,..,wh)T (92)
Qo =Q; Y3 Dlw=gwy,..mp? (93)
Aw =0.01 (%94)
l=1,..,h

As shown in Figure 12 the Interaction Information curves are not jumping if the weights w;, h=1,...,h
are changing in the interval [0,1] and the curves are smooth. Therefore, a very good approximation can
be expected using Aw = 0.01 << 1.

The main advantages of using the Difference Quotient are the easy implementation and the possibility to
replace the function that has to be derived. For example, if a subspace with a Non-Interaction is searched
the Interaction Information has to be combined with Mutual Information functions. Using the Difference
Quotient the exact analytical derivation of a function is not required.
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Figure 12: Interaction Information Q(X;Y;Z) of Dataset 1, where one value from the weighting vector w is
changed. Every curve stands for one weight w;, [ = 1,...,h that changes, while the rest of the weights
is constantly equal to 0.5. Note: Some of the curves are identical.

Derivation by relaxed sector assignments w

3QX;Y;2)
owy
aQ(XA;Y;Z)
Vo7 =| 7 ©2)
5Q(J€;?;7)
oWy
0Q(X;Y;Z) Qaws—Q
Q( A ) aws — Qo (96)
oW, Aw
QAW,S = Q( N; ?; Z)lw=(W1,.,Ws+AW,..,WN)T’ (97)
Q() = Q(XJ ?J Z) W=(W1,..wn)T (98)
Aw =0.01, (99)
s=1,..,N,

where N is the number of sectors. And W, + Aw means that all weights w;,l = 1,...,h that are lying in
sector s are increased by Aw (see equation (97)).

Derivation of the cost function
If the goal is to find a feature subspace with the maximum Interaction Information, the following cost
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function is used:

CW,t)=—Q(X;Y;Z)- (1—r(t)- f,(W)) (100)
2CGi,t)
TR
3C(1/'|>,t)
vew,n=| ™ (101)
a0(w)
e
9C(W) Caws—C
(W)  Zaws o (102)
ow; Aw
Caws =COW, t)|w=(W1,.,ws+Aw,_,,wN)T (103)
Co=CW, Ol =ty,... 0007 (104)
Aw =0.01 (105)
s=1,...N

If the goal is to find a feature subspace with the minimum Interaction Information, the cost function can
be replaced:

COv, 1) =QX;Y;2)- (1—r(t)- f,(W)) (106)

Optimization process
The initialization starts with balanced assignment to both feature subspaces.

w(t=0)=(0.5,...,0.5)7 (107)

For a given number of iterations the following optimization step is performed:

w(t+1)=w(t)—y- -sgn(VC(w,t)) (108)
-1, x<0

sgn(x) = 0, x=0 (109)
1, x>0

At the end of every step the values of w that are not lying in the interval [0,1] are moved to their nearest
boundary (0 or 1).

If the values are already equal to O or 1 before the optimization step, the entries of VC(w, t) that would
push them out of the interval [0,1] are set to zero.

The value y is the step width of the optimization step.

At the end the quantization step is performed (see equations (58) and (59)).

Note: The optimization step can also be done without a sgn-function, however while performing tests
the version of the method with a sgn-function provided better results.

Using the sgn-function is a common method to avoid the influence of the gradient on the width of the
optimization steps [1].

The interval where the values of w are moving is [0,1], hence a step width of y = 0.1 seems to be a very
high value, because it is 10% of the entire space. However, at the end (in quantization step) it is only
important whether a value lies above or below the threshold 0.5, therefore, no finer steps are required.
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3.2.3 Method 3: Interaction Information Map Reinforcement using relaxed sector assignments

Method 3 is very similar to method 2. The difference is that the gradient

3QX;¥;Z)
EWL B

VQX;Y;Z) = L (110)

(111)

in method 2 is replaced by the sum of the local Interaction Information Map components g,(x, y) that
are lying in the same sector (see equation (50)).

4= 6,(6,y) Tx,y), (112)
x Yy
X e {x]_’ (AES) xn}ny € {yl; -~-:J’m};
5.(x,y) = 1, (x,y) l?es in sector s, , (113)
0, otherwise
Vs=1,..,N,
Eimap = (ali"'JaN)T’ (114)

where q3,...,qy are the influences of the sectors on the Interaction Information for the current vector
w(t).

Optimization step of method 3:

1"1\)('t+1):Vll\/(t)_)/'amap (115)

As well as in method 2, the idea of this method is to reinforce the sectors that have on average a positive
influence on the Interaction Information, while the rest of the sectors is gradually removed from the fea-
ture subspace 1.

It is important to perform the map reinforcement iteratively because the map can change due to chang-
ing w(t). The map describes the influence on the Interaction Information of every sector for a particular
state of the vector w(t).

If the goal is to find a feature subspace with a minimum Interaction Information, q,,,, can be replaced by
(_amap)-

Note: This method does not include a penalty function.

Optional improvement 1: w(t) normalization
After the optimization step 115 an additional normalization step on w(t) can be performed:

A a +1
Wy Whin Wnorm,min

W norm = (116)

A

~
Winax — Wmin + Wnorm,min

Wi = Min{wy, ..., wy } (117)

Wonge = Max{wy,..., Wy} (118)

Wiormmin = 0-01 (119)
Vs=1,..,N

W norm = (W1 norms -+ Wn norm) " (120)
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After the normalization the value distribution of w(t + 1) is stretched or compressed to fit into the in-
terval [W;,.1n min, 11. Instead of limiting w; to 1, while the optimization step, higher values are allowed.
Hence, a sector which already has an assignment value w,=1 is able to become even more dominant in
relation to the other sectors by exceeding the value 1.

Then the normalization brings the values back in the range [w,,;; min,1] by keeping a similar relation
between the values. For the value of the Interaction Information only the relative relation of the values
in W is important.

The small value 0 < W ,,,,, << 1 avoids that sectors are completely removed from the competition. If a
sector had the value w, = 0, it would not be considered for the Interaction Information Map, therefore,
the influence of the sector in the current state could not be considered.

Note: The normalization step led to much better optimization results while the partitioning experi-
ments. Therefore, this improvement is recommended. The computation cost is negligible.

Optional improvement 2: Search the best threshold for the quantization
Because no penalty function is used in method 3, the vector w will also contain values near to 0.5 at the
end of the optimization process.

Therefore, small changes of w can change the assignments of sectors because the quantization step
replaces values higher than 0.5 by 1 and the rest of the values by 0.

Because method 3 sometimes tends to take less sectors for the feature subspace 1 than reasonable, the
threshold 0.5 is not always the best choice. A smaller threshold would be an option. A saver solution is
to test a set of n,,, thresholds and calculate the Interaction Information for every threshold. At the end
the threshold with the best result is kept.

The thresholds 7,& = 1,...,ny, can be distributed equidistant over the interval [0,1]:

o= —2 (121)
Nipr +1

VE=1,...,ny4, (122)

Those threshold distributions that are more dense near 0.5 could be more sophisticated, however the
equidistant distribution works well.

The threshold search decreases the importance of a fine parameter tuning.

The search for the best threshold led to better optimization results while the partitioning experiments.
Therefore, this improvement is recommended. It costs n,, extra calculations of the Interaction Informa-
tion.

Advantages of method 2 and 3:

1.) The optimization criterion can easily be changed by changing the cost function.

2.) The complexity of the optimization can be scaled by the number of used sectors.

3.) Relaxation of the weights allows the consideration of all sectors at every optimization step and the
use of more optimization techniques (e.g. gradient descent).

4.) The approaches will always provide the same feature space partitioning for the same data. No ran-
dom components are included. Which makes it easier to evaluate the partitioning capability.

5.) The optimization is very fast compared to method 1.

Advantage of method 2 over 3:
1.) A penalty function can be used.
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Advantage of method 3 over 2:
1.) Threshold search can be used.

2.) Faster, only T + n,,, instead of T - (N + 1) calculations of the Interaction Information are required.
Note: T is the number of iterations.

Disadvantages of method 2 and 3:

1.) The optimization is not performed under the real constraints, therefore a quantization of the result
in the final step is required, which potentially degrade the optimized score.

2.) Due to a loss of random components, the provided result will always be the same local optimum,
which is possibly not the global optimum.
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3.3 Classifiers and Regressors

Classifiers and Regressors are the models which are trained using training data. They are used to predict
an output value for a given input value combination. The most important property of a suitable model is
its generalization capability. If a model has a good generalization capability, it is able to predict reason-
able output values for a new test input value combination that was not contained in the training data.
Hence, a model should be able to recognize relations between the variables in the data instead of simply
memorize the examples in the training data. If the relevant relations in the training data are less com-
plex than the model, the model starts to learn irrelevant relations e.g. relation exceptions that are not
correct in general. The learning of irrelevant relations from the training data that are not transmittable
to the test data is called overfitting. An overfitted model has a poor generalization capability. Hence, if
overfitting can be prevented by using simpler models, while the models are complex enough to learn the
important relations, a simple model should be to preferred.

A classifier is designed to predict one of a given set of classes as output value, while a regressor is able
to predict continuous numbers as output values.

3.3.1 Bayesian Classification

Bayesian Classifiers are used to classify unseen observations to one of the probable class category (also
called class labels) [14].

That means that a model of a Bayesian Classifier, which was trained with Data (observations from a
system), can calculate the probability of every output value for a given combination of input values. The
output value with the highest probability is chosen as actual prediction of the output value (probabilistic
inference). The accuracy of the calculated probability distribution of the output value (or class) given the
input values is higher the more the assumptions that were made in the chosen model hold true in the
given data.

The simplest model is the model of the Naive Bayesian Classifier, where the number k of dependent
features given the class is assumed to be zero (k = 0). In contrast the model of the Full Bayesian Clas-
sifier is a very complex one because a conditional dependence of all features given the class is assumed
(k =N —1). To cover the complete feature dependence spectrum (k =0, ..., N —1) of considered depen-
dencies, the Limited Dependence Classifier [20] was developed, where k is one of the parameters that is
given to the model, before the training.

The dependencies assumed in a model can be represented by a Bayesian Network which is a type of a
Probabilistic Graphical Model, where the dependent variables are connected (e.g. as shown in Figure 13).

The set of output values of a Bayesian Classification model is restricted to the set of output values
(classes) that already occurred in the training data because all variables are treated as Categorical
Variables (see Section 2.3), therefore, no similarity of values is considered and no regression is possi-
ble.

Because of the deterministic training of the model, there is no random component in the prediction.
Hence, the evaluation of different data subsets (feature subspaces) can be compared in a deterministic
way.
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3.3.2 Bayesian Networks

A Bayesian Network is a type of a Probabilistic Graphical Model, which can be used to visualize (con-
ditional) dependencies in an underlying model of a certain Bayesian Classifier. In a Bayesian Network
the variables are represented by nodes and the (conditional) dependencies between the variables are
represented by arrows. An arrow represents a dependence and a condition.

For example, the Bayesian Network could consider three features X;,X,,X5; and an output variable C.
Then the joint probability of all variables P(C,X;,X,,X5) can be described using the chain rule of condi-
tional probability.

P(C,X1,X,,X3) = P(C) - P(X;|C) - P(X,|X;,C) - P(X3]X1,X5,C) (123)
P(Xlzc) P(X11X2> C) P(X11X2’X3: C)
P(C) P(Xlac) P(X17XZJ C)

P(C,X1,X,,X3)=P(C)- (124)

The corresponding Bayesian Network is shown in Figure 13.

o =D
o (2

Figure 13: Bayesian Network example, where no dependency between X;, X,, X5 and C is excluded (Full Bayesian
Network).

The dependencies of a arbitrary variable X, to other variables in the Bayesian Network is considered
under the condition that the values of the variables that are pointing on the variable X,, are already
known.

If the variables in the equation are exchanged, the arrow directions in the Bayesian Network are changing
(see Figure 14).

P(C,X1,X,,X3) = P(X;) - P(X;1X,) - P(C|X1,X,) - P(X3|X1,X,,C) (125)

Figure 14: Bayesian Network example, where no dependency between X;, X5, X5 and C is excluded.

Hence, the joint probability P(C,X;,X,,X5) can be calculated correctly for different considered condi-
tional probabilities as shown in Figures 13 and 14 and equations (123) and (125).

The different simplified models of the Bayesian Classifiers are based on removals of arrows due to as-
sumptions about conditional independencies of certain variables.

Example for conditional independence

Two persons are deciding to go together to one of three of their favorit restaurants, where the restaurants
offer completely different meals. Both persons are ordering a meal respectively, while they do not care
what the other one is ordering. In that case the ordered meals of the two persons are not independent
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from each other because the meals have to be from the same restaurant. Under the condition that the
restaurant is already known, the ordered meals of both persons are independent.

The effect of a conditional independence on the Bayesian Network is shown in Figure 15, where X,
and X5 are independent if the value of X; is known. The equation (123) simplifies to equation (126)
because of the conditional independence that causes P(X5|X;,X,, C) = P(X5|X;,C).

P(C:X1:X2:X3) = P(C) : P(X1|C) : P(X2|X1: C) : P(X3|X1,9%, C)
=P(C)- P(X;]C) - P(X,|X;,C) - P(X5]X;,C) (126)
P(Xl;c) P(X17X2) C) P(Xl,X39 C)

=Py TR, PG, 0) (127
P(X,,X.,C
= P(X;,X5,C)- % (128)

The corresponding Bayesian Network is shown in Figure 15.

=

CPEED CORED

Figure 15: Bayesian Network example, where X, and X5 are independent if the values of X; and C are known.
The blue, dashed arrow in the network on the left side has been removed in the network on the right
side due to the conditional independence of X, and X5 given X; and C.

The benefit of the simplification from P(X3|X;,X,,C) = % to P(X51X,,C) = P(};X(lx—’i%c’)c) is that

the joint probability distribution P(X;,X,, X5, C) has much more value combinations than the joint prob-
ability distributions of the resulting replacement PO X zé(c)g-lpgl,&p) in equation (128) if every random
variable can take at least three values. Consequently, the sifnpliﬁcation decreases the number of param-
eters that has to be learned in the model. The training becomes faster. The risk of overfitting is reduced
and therefore the number of required observations in the training data is reduced, too.

Hence, the removal of arrows (conditional dependencies) in the Bayesian Network is essential in the

following Bayesian Classifiers.

The exact parameter reduction due to the removal of only one arrow in the example above can be cal-
culated as follows:

ny: Number of values that X; can take.

n,: Number of values that X, can take.

ns: Number of values that X5 can take.

n.: Number of values that C can take.

N;: Number of parameters that are required to calculate P(C,X;,X,,X3) in a Full Bayesian Network as

shown in Figure 13
P(X1,X5,C)-P(X1,X3,C) in

N;: Number of parameters that are required to calculate P(C,X;,X,,X3) = PO.0) a
Bayesian Network with a Conditional Independence as shown in Figure 15
Ny =ny-ny-ng-ng (129)
N,=n;-ny-n.+ny-n3-n.+nq-n, (130)
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Examples with n; =n, =ny =n. =n:

Ny =n* (131)
N,=2-n®+n? (132)

n|oN | N |

2 16 20 | +25.00%

3 81 63 | -22.22%

4 | 256 | 144 | -43.75%

5| 625 | 275 | -56.00%

6 | 1296 | 468 | -63.89%

7 | 2401 | 735 | -69.39%

8 | 4096 | 1088 | -73.44%

9 | 6561 | 1539 | -76.54%

10 [ 10000 | 2100 | -79.00%

Therefore, if every variable can take n = 10 different values, the removal of only one arrow reduces the
number of required model parameters by 79%.

Conditional Dependence

Not only Conditional Independence, but also Conditional Dependence can exist. For example, a pure
Synergy describes a Conditional Dependence, where Z is only dependent from Y if X is known (e. g.
Z =X ®Y). The Interaction Information can also be written as Q(X;Y;Z)=I1(Y;Z|X)—I(Y;Z). Hence,
if there is no dependence between X and Y, but a Conditional Dependence, a pairwise Synergy of X, Y
and Z exists.

Z =X®Y (XOR: Pure Synergy)
H(Z)=1bit (Entropy)
I(Z;Y)=0bit (Independence without condition)
I(Z;Y|X)=1bit (Conditional Dependence)

QX;Y;Z)=1(Y;Z|X)—I(Y;Z)=1bit —0bit = 1bit (Interaction Information > 0) (133)
QX;Y;Z) 1bit
= =100% (Pure Syner,
H(Z) 1bit o (Pure Synergy)

This is good to know since those arrows between features which are representing a high conditional
mutual information I(X;,X;|C) are preferred in the Limited Dependence Classifier.

In contrast, a pure Redundancy describes a Conditional Independence, where Z is only independent from
Y if X is known.

Z=X=Y €{0,1} (Equality: Pure Redundancy)
H(Z)=1bit (Entropy)
I(Y;Z)=1bit (Dependence without condition)
I(Y;Z|X)=0bit (Conditional Independence)
QX;Y;Z)=1(Y;Z|X)—I(Y;Z)=0bit —1bit = —1bit (Interaction Information < 0) (134)

X;Y;Z —1bi
Q(H’(Z,) ) _ 1blzltt =—100% (Pure Redundancy)
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Note: I(Y; Z|X) becomes zero due to the following equations:
I(Y;Z|X)=H(Z|X)—H(Z|Y,X) (135)
HZ|V,X)=H(Z|X)=H(Z|]Y) =X =Y (136)
I(V;ZIX)=0&X=Y

3.3.3 Relation between the Conditional Mutual Information and the structure connections of a
Bayesian Network

The Conditional Mutual Information I(X;; X |Tly \X;) of two features X; and X; given the parents [Ty \X;
measures the requirement of an arrow from X; to X;, where i, j € {1,..., N}. If I(X;; X|TIy \X;) = 0 holds
true, an arrow from X; to X; can be removed without losing accuracy.

Note: Equivalently an arrow from C to X; can be removed if I(X;; C[ITy,\C) = O holds true. How-
ever, the arrows from C to X; are usually kept.
The set ITy, \X; is the set of parents of X; (denoted as ITy,) without X ;.

In equations (137) to (149) the relation between the Conditional Mutual Information and the arrows is
deduced for the simple example from Figure 16.

I(X;;C)>0 I(X,;C)>0 — I(X;;C) >0 I(X,;C)>0
I(X1;X,]C)—0

®1(X1;X2|c)>5® ®I(X1;X2|C)=0®

Figure 16: Full Bayesian Network with three variables and three information measures that represent the require-
ment of the arrows.

P(X1,X,,C) =P(C) - P(X;|C)- P(X,|C,X;) (137)
p(XlnXZ’C)

P(X,|C,X|) = ——— 138

(alC,30) = —5 e (138)

_ P(X3,X,|C) - P(C)

139
P(G,IC)-P(C) (139)

P(XDXZ'C)
= —Lo2n: 140
POGIC) (149)

P(X1’X2|C)

P(X,,X,,C)=P(C)-P(X,|IC) ————— 141
(X1,X5,C) (C)-P(X4]C) PIX,IC) (141)
I(X;;C) =0« P(X,|C)=P(X;) (142)
& P(X1,X,,C)=P(C)-P(X119) - P(X,|C, X;) (143)
I(X5;C) =0 P(X,|C,X;) = P(X,]X;) (144)
& P(X,,X,,C)=P(C)-P(X;]C) - P(X,{&5X4) (145)
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I(X1;X,]C) = 0 & P(X3,X,|C) = P(X;|C) - P(X,|C) (146)
P(X,,X,|C) _ P(X4|C)-P(X,|C)

= = P(X,|C 147
P(x4|C) P(X;]C) Gl (147)

Using a more general approach the relation between the Conditional Mutual Information and an arrow
in a Bayesian Network can be determined as follows:

Usually an arrow removal takes effect on the conditional probability distribution of the variable on
that the arrow is pointing. If the arrow removal do not take effect on the conditional probability distri-
bution, the removal will not cause a loss of accuracy and a particular Conditional Mutual Information is
Zero.

For example in Figure 15 the removal of an arrow is shown. The corresponding conditional probability
distribution P(X5|X;,X,,C) is assumed to be equal to P(X5|X;,C). The following equations ((150) to
(158)) clarify how the particular Conditional Mutual Information, that has to be zero, can be determined.

P(X11X2>X31 C) _ P(XIJXB’: C)

P(X3]X1,X,,C) = P(X5]X;,C) & P(X,.X,.C) _ P(X.C) (150)
P(X5,X5X3,C) - P(X3,C) _ P(X51X,,C) - P(X3,C) (151)
P(X,|X,,C) - P(X,,C) P(X,,C)
SP(X,,X50X;,C) = P(X,1X;,C) - P(X5/X3,C) (152)
SI1(Xy;X51X,,C)=0 (153)
SP(C,X1,X5,X35) =P(C) - P(X4|C) - P(X,]X4,C) - P(X5|X7,%5, C)
(154)
This approach can be generalized to an arbitrary arrow that points from X; to X; as follows:
P(X,|Ty,) = P(X;|Ty, \X;) SPell) P T X)) (155)
P(ILy) P(ILy \X;)
P(Xi:lel_[Xi\Xj) : P(Hxi \Xj) _ P(Ximxi\Xj) : P(HXi\Xj) (156)
P(X;|TIx, \X;) - P(TIx, \X}) P(IIx, \X;)
SP(X;, X;|, \X;) = PO T, \X;) - PO, \X ) (157)
SI(X; X,/ \X;) =0 (158)

where [Ty is the set of variables from which arrows point on X; (before the arrow removal) and Iy \X;
is the set of variables from which arrows point on X; after the arrow removal.

Consequently, if I(X;; X|TIx, \X;) = 0 holds true, the arrow from X; to X; can be removed without losing
accuracy at the calculation of the joint probability distribution P(X4, ..., Xy, C).

3.3.4 Matrix based Bayesian Network Representation

A Bayesian Network can be represented by a matrix. Every row of the matrix describes the conditions
for one variable. The variables from that arrows are pointing to a certain variable are called parents of
the certain variable. The parents of a certain variable are the variables that are already known while
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considering the probability of a certain variable. The set of parents of a feature which is later referred to
asIly,i=1,...,N can be determined from the row of X;. Matrix examples are shown in the Tables 2 to 4.

The first row of the matrix represent the arrows that point from a feature to the class variable C.
The Bayesian Networks that are used in our classifiers do not contain arrows that point from features
to the class variable, hence the first row consists of zeros and there is no Il considered. However, to
keep the matrix representation more general the first row is kept.

An example for a Bayesian Network where arrows are pointing on C is an alternative description of a
Full Bayesian Network, where N arrows point from X;,...,Xy to C. In that case ag; to ayy in the first
row would be set to one and the rest of the matrix would consist of zeros. The conditional probability of
the class that is described by that Bayesian Network is P(C|X, ...,Xy) [20].

A further example of a Full Bayesian Network where arrows point to C was shown in Figure 14. Therefore
this Full Bayesian Network can not be described by Iy ,i =1, ..., N without an additional I;.

Arrow From
To C | X, | Xy |..] Xy
C 0 Aoy | Aoa | - | Qo
X, a o 0 yp | - | Q1N
X5 oo | Ao 0 o | QonN
0
Xy Ayo | Ani | Gnz | - 0
0 ay1 apy - aon
a0 0 a5 ... a1y
A == a2,0 az’l O ves az’N
0
dyo ayi Az - O

Table 2: Matrix of a general Bayesian Network

Arrows From
To [[C|X,[X,]X;
C 0| O 0 0
X, 1lo[o0[o0
X, 1100
X, 11 1]01(0
0000 Iy, ={C} (from 2. row of A)
1 000
A= 110 0 HXz—{C,Xl} (from 3. row of A)
1100 Iy, ={C,X;} (from 4. row of A)

3
P(C,X1,X5,X5) = P(C)- [ [PCxITIy,)
i=1

Table 3: Matrix of the Bayesian Network in Figure 15 on the right side and calculation of P(C,X;,X,,X3)
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Arrows From

To ClX,|X,]| X5

C 0O 0 0

X, 1]o0]0]o0

X, I1[1]0]o0

X5 1 1[1]o0
(1) 8 8 8 Iy, ={C} (from 2. row of A)
A= 110 0 Iy, ={C,X;} (from 3. row of A)
1110 Iy, ={C,X;,X,} (from 4. row of A)

3
P(C,X1,X5,X3)=P(C)- | [ PCxiIMLy,)
i=1

Table 4: Matrix of the Full Bayesian Network in Figure 13 and calculation of P(C,X;,X5,X3)

3.3.5 Naive Bayesian Classifier

The special properties of the Naive Bayesian Classifier are induced by the following assumption:

Assumption
The input variables (features) X;,i = 1,...,n are independent given the value c,,r = 1,...,m of the class
variable C (conditional independence) (see also Figure 17).

Conditional independence should satisfy the following condition:
P(alf,y) = P(alp) (159)

where the random variables a and y become independent given the random variable f3.

Transferred to our case we obtain the assumption:

P(X;|C, X1, 0, Xi—1,Xj41,--»Xy) =P(X;|C) (161)

N

Figure 17: Bayesian Network of Naive Bayesian Classifier [14] [20] [17]

Training and Classification of the Naive Bayesian Classifier

Training
The parameters of the Naive Bayesian Classifier are the distributions P(C) and P(X;|C),i =1,...,n.
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The distribution P(C) can be calculated by counting the relative frequency of the values c,,r =1,...,m in
the dataset. The distributions P(X;|C) can be calculated by counting the relative frequency of the values
that X; takes in the data samples, where C =c,,r = 1,...,m, hence, there are n-m distributions contained
in p;, = P(X;|C =¢,),r =1,..,m,i = 1,...,n. The number of discrete values that X;|C = c, can take
determines the number of parameters (probabilities) that are required to represent a single distribution
pi,r'

An example of the Naive Bayesian Classifier is calculated in Section 3.3.7 on page 51.

Classification

Calculating the probability distribution p, of the output variable C given the values of the N features
Xi,...,Xy is the goal of this method. The distribution p, and the predicted output value c,,, can be
defined as follows:

p, =P(C=c|(X{,X5,....XN) = (X1, X9, o0, X)), F=1,...,m (162)
Toue = argmax(p,) (163)
Cout = Croyy (164)

where m is the number of classes.

The distribution can be calculated as follows [14]:

P(alB)-P(B) _ P(a,p)

P(Bla)= (@) = (a) (Bayes’ theorem) (165)
P(C,X{,X5,....X
P(CIX{, X, ... Xy) = (€. %), X, w) (166)
P(X1,X5, ..., Xy)
P(CJXI’XZJ;XN) :P(C)P(X11X2:>XN|C) (167)
N
P(X{,X,,...XN5|C) = l_[P(Xilc ) (Assumption of conditional independence) (168)

i=1

Combining the equations (162), (166), (167) and (168) leads to:

N
l_[izlp(Xi:xilczCr) -

P((X1, ..., X)) = (X1, .0, X))

For a given input value combination (x,...,Xy) the value of P(X,...,Xy) becomes irrelevant for the

classification (finding the class with the maximum probability) because it is the same value for each class
c,. Id est P((Xy,...,Xy) = (x4, ..., X)) is constant for a certain given value combination (xj, ..., Xy ).

p, =P(C =c.|(Xq,...,XN) = (x1,...,xy)) =P(C =c,) 1,...m (169)

N
Pr =P(C = ¢.|(Xy, ., X) = (1, xy)) < P(C =) - [ [POi =xilC=¢,), r=1,.om  (170)
i=1

Advantages of the Naive Bayesian Classifier

Due to the restrictive assumption, Naive Bayesian Classifier has a reduced number of independent pa-
rameters and a reduced computation time. Because of the small number of parameters, smaller datasets
allow a good performance. If the parameters (considered distributions) also contained joint probabilities
of features, a much larger dataset would be required to obtain a good approximation of the probability
distributions.
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Disadvantages of the Naive Bayesian Classifier

If the assumption do not hold true for an application, the classification accuracy becomes poor. If depen-
dent features are considered as conditional independent, their influence on the classification is too high
compared to the influence of features that are really conditional independent from the other features.

3.3.6 Limited Dependence Classifier

The Bayesian Network of the Limited Dependence Classifier [20] [14] considers at most k conditional
dependencies between the features.

The KDB (k-dependence Bayesian) Algorithm generates the Bayesian Network of the Limited Dependence
Classifier.

The maximum number of conditional dependencies between the N features is limited by the first pa-
rameter k that is given to the algorithm, where k € {0,1,2,..., N —1}. Then the algorithm removes the
N — 1 —k conditional dependencies between the N features that have the smallest conditional mutual
information. The second parameter is 6, which defines a minimum conditional mutual information be-
tween features that is required to be considered (in terms of arrows) in the Bayesian Network. If the
value k is set to the maximum value k = k,,,,,, = N —1 and 6 = 0, the algorithm generates the Bayesian
Network of a Full Bayesian Classifier. If the value k is set to the minimum value k = k,,;, =0 and 6 =0,
the algorithm generates the Bayesian Network of a Naive Bayesian Classifier.

If O is set to some positive value 6 = 6; > 0 and k = k,,,, = N — 1, it depends on the data and 6; how
complex the generated Bayesian Network becomes.

In spite of setting k to k = k,,,,, = N — 1, at the beginning, the Bayesian Network of a Naive Bayesian
Classifier is generated if 0 is set too high. If 6 is set reasonable, a Bayesian Network of a Naive Bayesian
Classifier is only generated if the conditional dependencies between the features are so small that they
do not have to be considered.

In summary, if the complexity of the generated Bayesian Network should be independent from the data,
only the parameter k should be varied and 6 should be set to zero (6 = 0). However, if the complexity
should be dependent from the data, 6 should be set to a reasonable positive value 68 = 6; > 0, while k
can be used to set an upper limit of the complexity.
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Algorithm 1 KDB Algorithm from [20] [14]

1:
2:
3:

0 X N9 R

10:

11:
12:

procedure KDB ALGORITHM
For each feature X;, compute mutual information, I(X;; C), where C is the class.
Compute class conditional mutual information I(X;; X;|C), for each pair of features X; and X;, where

i#].

Let the used variable list, S, be empty.
Let the Bayesian network being constructed, BN, begin with single class node, C.
while S includes not all domain features do

Select feature X,,,, which is not in S and has the largest values I(X,,,,; C).
Add a node to BN representing X,
Add an arc from C to X,,,, in BN.
Consider m = min(|S|, k) distinct features X; in S with the highest value for I(X,,q,;X;[C),
and only add arcs from X; to X4y if I(X;qx;X;|C) > 6, where 6 is a mutual information
threshold and k is the maximum number of dependencies that are considered.

Add X, t0S.
end while

13: Compute the conditional probability tables infered by the structure of BN by using counts from DB,

14:

and output BN.
end procedure

Number of arrows (or arcs) in a Bayesian Network
For 6 = 0 the KDB Algorithm generates N arrows that point from the class C to the N features. For the
first k + 1 features with the highest value of I(X;; C) the features are fully connected by
arrows and the rest of the features (N — (k + 1) features) is connected to k previous features that have
the highest I(X;; X;|C) values (as explained in the KDB Algorithm).
Therefore, the total number of arrows is

nA|(9=0)

nA|(9=0, k=N-1)

TlA|(e=o, k=0)

N_‘_(k+1)-((k+1)—1)

+k-(N—(k+1))

2
=N+M+k-(N—k—1))
:N+k(k;1)+k2N—22k—2)

k
=N + E(ZN —k—1) (Limited Dependence Bayesian Classifier)

N—-1 N-(N—1
=N+T(2N—N+1—1)=N+¥

=w (Full Bayesian Classifier)

0
=N + E(ZN —0—1)=N (Naive Bayesian Classifier)

(k+1)((k+1)-1)
2

(171)

(172)

(173)

In Figures 18 to 21 is showed how the complexity of the Limited Dependence Bayesian Classifier can be
scaled by changing the parameter k while the parameter 6 is set to zero.
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Figure 18: Bayesian Network of a Limited Dependence Classifier with N features
Parameters: k =k,,, =N—1, 06 =0
The Bayesian Network has W

arrows (see equation (172)) and is identical to the Bayesian Network
of the Full Bayesian Classifier.

—

6
;

%@

Figure 19: Bayesian Network of a Limited Dependence Classifier with N = 3 features
Parameters: k =k,,,, =3—1=2,0=0

The Bayesian Network has w @ = 6 arrows (see equation (172)) and is identical to the
Bayesian Network of the Full Bayesian Classifier.

D Cu %D -~

N— T

Os
Vg

Figure 20: Bayesian Network of a Limited Dependence Classifier with N = 3 features
Parameters: k=1, 6 =0
Due to I(X5;X5|C) > I(X;;X5|C) the arrow to X5 comes from X, and not from X;.
The Bayesian Network has N + §(2N —k—1)=3+ %(2 -3—1—1) =5 arrows (see equation (171)).
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Figure 21: Bayesian Network of a Limited Dependence Classifier with N = 3 features
Parameters: k = k,,;, =0, 6 =0
The Bayesian Network has N = 3 arrows (see equation (173)) and is identical to the Bayesian Network
of the Naive Bayesian Classifier.

Training and Classification of the Limited Dependence Classifier

Training

The training consists of the following two steps:

1) Computing the Bayesian Network using the KDB Algorithm (Creating a suitable model structure for
the data).

2) Calculating the conditional probability tables for the classifier (Actual training: Calculation of the
model parameters).

The first step was explained in the KDB Algorithm the second step can be realized as follows:

2.1) Calculation of the required probability distributions from the data:

P(C) (174)
P(Ily,) Vi=1,..,N (175)
P(X;,Iy) Vi=1,..,N (176)

where P(C) can be calculated by counting the relative frequency of the classes c,,r = 1,...,m in the data
samples. While P(Ily ) and P(X;, Iy, ) can be calculated by counting the relative frequency of the value
combinations that ITy, and (X;, Il ) can take respectively in the data samples.

2.2) The following calculation of the conditional probability distributions can either be calculated while
training or while the classification.

P(Xb HXi)

P(ITy ) Vi=1,..,N (177)

P(X; |Hxi) =
The conditional probabilities are used for the equation

N
P(C|X,X;, ... Xy) < P(C, X1, X5, ... Xy) = P(C) - | | P(X;IMy,) (178)
i=1

of the classification. If the conditional probabilities are calculated while training, more memory space is
required. If the conditional probabilities are calculated while the classification, only one value of the con-
ditional probability distributions ITy. and (X;, ITx, ) has to be calculated because the values (x;, X, ..., Xy)
that (X;,X,, ...,Xy) take are known.
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Classification

If the Limited Dependence Classifier was trained, a classification of an input value combination
(x1, x5, ...,Xy) can be performed.

The classification using the Limited Dependence Classifier is similar to the classification that is used in the
Naive Bayesian Classifier, which is a particular case of the Limited Dependence Classifier. The only differ-
ence is that the conditional probabilities of every feature can have different conditions. The condition of
a feature X;, i = 1,...,N is Iy , where IIy, represents the set of parents of X; in the Bayesian Network
[17]. A Bayesian Network is completely represented by Ily ,i =1,...,N.

Then the classification is performed with the following steps:

N
Pr= P(C = Cr|(X1>X2: ""XN) = (x1:x21 ey XN)) & P(C = Cr) : l_[P(Xl|HXl = TCXi,r) (179)
i=1
r=1,....m
Toue = argmax(p,) (180)
Cout = Cryyy (181)

where Il , that always contains the variable C, takes the values my ., which contain c,.

Computational Complexity of the Limited Dependence Classifier

Computing the Bayesian Network using the KDB Algorithm requires @(N?-s - c - v2).
Calculating the conditional probability tables for the classifier takes @(N - (s + v¥)).
Classification of one test sample using the trained classifier requires (N - ¢ - k).

s: Number of data samples (observations)
c: Number of classes or discrete output values
v: Maximum number of discrete values that a feature may take [20]

Advantages of the Limited Dependence Classifier

The Limited Dependence Classifier can use Bayesian Networks of different complexities for the classifica-
tion. The number of conditional dependencies of one feature can be limited using the parameter k. The
KDB Algorithm makes reasonable decisions regarding which conditional dependencies are kept under a
limitation. In addition the KDB Algorithm has the optional capability to remove insignificant conditional
dependencies in order to get an even smaller number of considered conditional dependencies than the
limit allows. That is the case if the parameter 6 is set to a reasonable positive value, while this capability
is switched off for 6 = 0.

The number of model parameters that has to be computed decreases for every conditional dependence
that is removed from the Bayesian Network (see Section 3.3.2 on page 39 for an example). Hence, the
complexity of the model can be controlled.

Disadvantages of the Limited Dependence Classifier

The capabilites of the Limited Dependence Classifier are consuming more calculation time compared to the
Naive Bayesian Classifier. Especially if the given system has not many useful conditional dependencies
between the features, the investment of the higher computation time will not lead to a significant higher
classification accuracy than the Naive Bayes Classifier can achieve.
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3.3.7 Laplacian Correction

The Laplacian Correction or Laplace Estimator [10] is a method that allows to avoid computing probability
values of zero. The underlying assumption is that the accuracy of the estimated probability distributions
computed from data will hardly be affected if for every value combination one additional occurrence is
assumed and the entire number of observations (training data samples) is great enough. Therefore, one
additional observation for every possible value combination is added to the data and all value combina-
tions that did not occur in the training data, before, obtain a probability that is very small but not zero.

The advantage of avoiding the zero probabilities is explained in the following example of a Naive Bayesian
Classifier:

Original Training Data
Consider training data that consist of 1000 samples with the following probability distributions:

P(C =cy,X; =x711,X5 = X51) = 25% (250 samples)
P(C == Cl’Xl == X1,17X2 == x2,2) = 25% (250 Samples)
P(C =y, X; = X1 2,X5 = X571) = 50% (500 samples)

P(X; = x1,) = 50%
P(X; = x1,) = 50%
P(Xy =x51) =75%
P(Xy = xy,) = 25%
P(C =c¢;)=50%
P(C =c,) =50%

Probability distributions of classifier:

P(X; = x1,|C = ¢;) = 100% (182)
P(X; = X1,|C =¢;) = 0% (183)
P(X;=x11|C=¢c) =0% (184)
P(X; = x1,|C = ¢;) = 100% (185)

P(Xy = x51|C =¢;) =50%
P(X5 = x5,|C =c;) =50%
P(X; = x5,|C =cy) = 100%
P(X;=x5,|C =¢c) =0%

Classification of an input value combination:

P(C|X;,X,) o< P(C) - P(X,]C) - P(X,|C) (186)

Interpretation of the Training Data
In the training data x; ; always occurs in combination with c;, while x; , occurs in combination with
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¢y, therefore, the occurrence of x;; or x; , is an important indication of the output value C (see also
equations (182) to (185)).

Classification without Laplacian Correction
If an unknown test data sample (x; ,, X, ») which was not included in the training data has to be classi-
fied, the classification using the equations (182) to (186) leads to the following result:

P(X; = X19,X9 = Xz,z) = 0%
P(C =c1]X; = x19,X5 = x32) < P(C =¢1) - P(X; = x15/C =¢1) - P(X3 = x3,|C =¢1)
=50% - 0% - 50% = 0%
P(C =cy|X7 = x12,X5 =X3,) < P(C =c¢y) - P(X; = x15|C =c¢y) - P(Xy = x5,|C =c5) (187)
=50%-100% - 0% = 0%

Due to the identical probabilities
P(C =c1]X; = x12,X5 =X32) = P(C = ¢3|X7 = x5, X5 = Xx35) = 0% (188)

there is no explicit classification possible.

As mentioned before there is a dependence between X; and C. This dependence is ignored in the classi-
fication because P(X, = x,,|C = ¢;) = 0% cancels P(X; = x; ,|C = c,) = 100% in equation (187). The
reason is the absence of training samples which contain combinations of the values c, and x, ,.

The Laplacian Correction is aimed at avoiding this kind of problem.

Training Data with Laplacian Correction

251
P(C = Cl’Xl = xl’l,Xz = XZ’l) == m == 24.90080/0 (251 SampleS)
251
P(C=c,X; =x11,Xy=X35) = 1008 — 24.9008% (251 samples)
501
P(C=cy,X; =x12,Xy=X51)= 1008 — 49.7024% (501 samples)
1
P(C=cy,X) =x12,Xs=Xp5) = 1008 =0.0992% (1 sample) (189)
1
P(C=c,X1=x12,Xs=Xp1) = 1008 — 0.0992% (1 sample)
P(C == Cl’Xl == xl’z,Xz == x2,2) == m = 0.0992% (1 Sample) (190)
P(C == C2,X1 == X1,17X2 == Xz’l) = m == 0.0992% (]. Sample)
P(C=cy,X; =x11,X3=X35) = 1008 0.0992% (1 sample)

Classification with Laplacian Correction

After the Laplacian Correction, the test sample (x; ,,X;,) is contained in two samples of the training
data, one sample with ¢; and one sample with ¢, (see equations (189) and (190)). Hence, both samples
together can not explain, which class is correct for this test sample. However, because of the other sam-
ples, the classification leads to the following (generalization) result:

Probability distributions of classifier:

P(C =c¢;) =50%
P(C =c,) = 50%

(191)
(192)
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1 251+251

P(X;=x11lC=c;)= co% 1008 - 99.6032%
P(X, = x1,|C=c}) = ﬁ - % — 0.3968% (193)
P(X;=x11/C=cy) = 5;% . % = 0.3968%
P(X, = x,5|C=cy) = 501% - 1122 21 — 99.6032% (194)
P, = x,,|C = ¢}) = 5;% - 1;;21 — 50%
P(X, = x,,|C = ¢}) = 5;% - 11232 L s0% (195)
P(X, = x51|C = ¢;) = 5;% - 1;)321 — 99.6032%
P(X, = x5,|C = ¢;) = 5;% - % — 0.3968% (196)

Using the values from the equations (191) to (196) we obtain the following result:

P(C =c|X; = x19,Xy = X35) X P(C =¢1) - P(X; = x15|C = ¢1) - P(Xy = x55|C = ¢1)
= 50%-0.3968% - 50% = 0.0992%

P(C == C2|X1 == xl’z,Xz == xZ’z) < P(C == Cz) . P(X1 == x1’2|C == Cz) . P(X2 == X2’2|C = Cz) (197)
=50%-99.6032% - 0.3968% = 0.1976%

As we can see in equations (193) and (196) the probabilities P(X; = x; ,|C = ¢;) and P(X, = x,,|C = c,)
have increased from 0% to 0.3968%, while we can see in equation (194) that the probability P(X; =
X1,2|C = c,) has decreased from 100% to 99.6032% due to the Laplacian Correction.

Consequently, the accuracy of the estimation of the probability distributions with respect to the original
training data reduces slightly, but the generalization capability of the classifier increases due to the
assumption that every value combination is possible (with a very small probability), even if it is not
contained in the original training data.

With respect to the original training data the results of both classes are still near to zero, but the class
which is more probable can be identified now (0.0992 < 0.1976). Therefore, with a Laplacian Correction
the test sample (x; 5, X, ,) is assigned to class c, and the dependence of X; and C in the training data is
not longer ignored or canceled while the classification.

54



3.3.8 Linear Single-Layer Perceptron

The Linear Single-Layer Perceptron is a simple artificial neural network, which is able to learn affine
(linear with offset) relations between input and output variables. In order to predict the output value
z given the input values x and y, the linear single-layer perceptron from [1] was implemented for two
inputs and one output as depicted in Figure 22.

Wi

O ®

W3

Figure 22: Schematic diagram of a Linear Single-Layer Perceptron with two input variables x and y and a prediction
£ of the output variable z. The learned content consists of the weights w,, w,, w;. The input 1 is used
in order to describe not only linear relations but also affine relations, which means that after the linear
transformation of (x, y) an additional offset (w3) can be added.

The behavior of the Linear Single-Layer Perceptron in Figure 22 can be described by the equation

X
g=(wp,wy,w3) | Y | =wy-x+wy -y +ws, (198)
1

where x and y are the input values and 2 is the predicted value of z. The weights w' = (w, w,, w5) are
the model parameters. These model parameters are adjusted while the training of the model in order
to fit the model behavior into the training data. After the training the determined parameters can be
used in the model to predict output values for the given input values, even if the input values were not
contained in the training data.

Training of the Linear Single-Layer Perceptron:

The training data consists of m examples of input and output values from a system. The training data
Dirain 1S split in a matrix of input values Xi,,;, and a vector with the corresponding output values z,;y,.
An additional column with ones is added to the X,,,;, matrix to allow an offset value in the output that
is adjusted by w4 (see equation (198)):

(xl Y1 21\ (Xl Y1 1\ [21\
ZP) X2 Z2

X2 Y2 Yo 1

Dtrain = X; Vi % = Xtrain = X, Y 11 Zirain — 2.
i i i i i

1

or v 20) o 1) o)

(199)
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The goal is to find the parameters w' = (w;, w,, w;) that minimize the mean squared error €,,,;, of the
predicted output values %;, i = 1, ..., m, while testing the model on all m training data samples.

m
€train = %Z(ﬁi —z)* (200)
1 lr:nl
€train = ;(Wl X Wy Y+ wy—g)?
L&
€train = ;izl:(wl Xt Wy yitws—z) (W x; +wy -y +ws—z;)
€train = % (Xirain * W — Ztrain) " * Kirain * W — Zirain) (201)

Because €,,4;, is squared, it has only one global extremum, which is a minimum. Therefore, the minimum

of €,.4» can be found by setting the derivation aeaf—rvgm to zero.

d €train _

ow

- E : (Xtrain cW— Ztrain)T : Xtrain =0 (202)
& (KXirain " W= Zirain) | * Xirain = 0

= XtTrain * (Xirain * W — Ztrain) = 0

N XtTrain : Xtrain W— XtTrain * Ztrain = 0

N XtTrain : Xtrain W= erain * Z¢rain

S W= (X;[;ain : Xtrain)_1 : XtTrain * Z¢rain (203)
S W= X:;ain * Zrain» (204)

where X* = (XT-X)™! - X" is called the Moore-Penrose pseudo-inverse of X.

Thus, the parameters w' = (w,,w,, w;) that minimize the mean squared error € can be exactly deter-

mined.

Using the trained Linear Single-Layer Perceptron model for the prediction on test data:
At first the test data samples are splitted in the same manner as the training data samples.

(Xm+1 Ym+1 Zm+1\

Xm+2 Ym+2 Zm+2

D =
test X P
i Yi i

\x o w )

[Zm+1\

The prediction on all test data can be performed in one matrix multiplication:

Xtrain)_1 : XT

_ (xT
where w = (X, ceain

ain

(Xm+1 Ym+1 1\
Xm+2  Ym+2 1 Zm+2
= Xiest = X; y, 1| Ztest = 2 (205)
\ Xn Yn 1} \ Zn ]
itest = Xiest " W (206)

* Zirain are the parameters of the trained model.
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The mean squared error € on test data can be used to evaluate the generalization capability of the
model, it can be determined as follows:

1 =
€test — Z (Zi _zi)2 (207)
n—m.
i=m+1
1 N
€test — (Ztest - Ztest)T : (Ztest - Ztest) (208)
n—m

Note: A single prediction 2 for a single input (x, y) can be performed using the equation (198) with
trained parameters w' = (W, w,, w3).

3.3.9 Multi-Layer Perceptron

The Multi-Layer Perceptron (MLP) is an artificial neural network model that consists of multiple layers
with multiple neurons, where the neurons of a layer are fully connected with all neurons of the next
layer. The most commonly used MLPs have two or three neuron layers [1]. The neurons are similar
to the Linear Single-Layer Perceptron from the previous section. However, they can have a non-affine
behavior using an activation function that transforms the sum of the neuron inputs before it is passed
over to the next layer.

In Figure 23 a schematic diagram of a MLP is depicted. The depicted MLP has two input variables x
and y, an input layer (layer 0), a sigmoid hidden layer (layer 1) with two neurons, a linear output layer
(layer 2) with one neuron and the output 2, which is a prediction of the output variable z. The input layer
consists of inputs and has no neurons, therefore, it is not counted as neuron layer. The layers between
the input layer and the output layer are called hidden layers. While the training of the MLP the parame-
ters or weights w, ;; are adjusted in order to fit the MLP model into the training data. A weight w,.;; is
the value which is multiplied with the output of neuron [ from layer (r —1) in order to be passed over to
neuron j from layer r. If layer (r — 1) is the input layer, the inputs are treated as outputs from neurons.
In Figure 23 nine weights (parameters) w, ;; are used. The neurons of the hidden layer are labeled with
%|S(z, ;) which means that the input values of neuron j in layer r are at first added together to a value
%, ;, which is the output of a neuron in a linear layer. Secondly, before the value is passed over to the
next layer, the value z, ; is non-affine transformed by the sigmoid activation function S(z) = (1+e™* )1,
which is known as logistic function. A sigmoid layer enables a non-affine behavior of the MLP and is
required in order to take advantage of the multiple layers. If the MLP consisted of linear layers the
model could only describe the same behavior as a simple Linear Single-Layer Perceptron. Depending on
the application the output layer can be used as linear layer or in combination with an activation function.

Figure 24 depicts a simplified version of the MLP model from Figure 23. The input y was removed.
Consequently, the model has only 7 remaining weights. The simplified model is used in an experiment
(Section 4.3.2), where in a local feature subspace only the input x is relevant.
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Input Layer Hidden Layer Output Layer
(Layer 0) (Layer 1) (Layer 2)

Figure 23: Schematic diagram of a Multilayer Perceptron with two input variables x and y, an input layer (layer

0), a sigmoid hidden layer (layer 1) with two neurons, a linear output layer (layer 2) with one neuron
and the output 2, which is a prediction of the output variable z. The learned content consists of the 9
weights w, ; ;, where a weight w, ;; is the value which is multiplied with the output of neuron [ from
layer (r — 1) in order to be passed over to neuron j from layer r. If layer (r — 1) is the input layer, the
inputs are treated as outputs from neurons. The neurons of the hidden layer are labeled with %|S(z, ;)
which means that the input values of a neuron are at first added together to a value 2, ; and the output
of the neuron is S(z,;). S(z) is the sigmoid activation function S(z) = (1 + e *)7!, which is known as
logistic function.

Input Layer Hidden Layer Output Layer
(Layer 0) (Layer 1) (Layer 2)

Figure 24: Schematic diagram of a Multilayer Perceptron with one input variable x, an input layer (layer 0), a

sigmoid hidden layer (layer 1) with two neurons, a linear output layer (layer 2) with one neuron and
the output 2, which is a prediction of the output variable z. The learned content consists of the 7
weights w, ;;, where a weight w, ;; is the value which is multiplied with the output of neuron [ from
layer (r — 1) in order to be passed over to neuron j from layer r. If layer (r — 1) is the input layer, the
inputs are treated as outputs from neurons. The neurons of the hidden layer are labeled with %|S(z, ;)
which means that the input values of a neuron are at first added together to a value z, ; and the output
of the neuron is S(z,;). S(z) is the sigmoid activation function S(z) = (1 +e™* )~!, which is known as
logistic function.
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Backpropagation

The Backpropagation Algorithm is a method that allows to adjust the weights of the MLP in order to fit it
into the training data. It is the common training method for the MLP [1].

The goal of the training is to find the parameters or weights that minimize the mean squared error (MSE)

1<,
€orain=— D (&~ =) (209)
i=1

of the predicted output values %;, i = 1,...,m, while testing the model on all m training data samples.
Due to the non-affine behavior of the MLE a global minimum of the MSE €,,,;, can not be determined
analytically [1].

Therefore, an iterative learning method (e.g. the Backpropagation Algorithm) is required. The Back-
propagation Algorithm uses the gradient descent algorithm in order to minimize €,,4,.- The following
learning steps describe the principle of the algorithm for online learning, more details can be found in
[1].

In the online learning method not the MSE ¢,,;, of all training data samples is considered but the pre-
diction error € = 2 —z on a single training data sample is minimized in every learning step. Usually, the
online learning method converges faster [1].

The weights are initialized with random values. The adjustment of the weights is performed by the
learning step

de
oW
which is performed for all weights w, ;;, where the weight w, ;; connects neuron [ from layer (r —1)

with neuron j from layer r and h is the learning rate.
The name Backpropagation comes from the circumstance that the derivation of the error (52 I ) is de-

wi(t)=w,; (t—1)—h-

(210)

termined recursively from the output layer of the MLP back towards the input layer.

At first the z,.; and y,; values of all neurons are calculated for the given input values of the currently
used training data sample, where z,; = erl. -y,_; is the sum of weighted outputs from layer r — 1 that
is determined in neuron i in layer r and ’ym- = f(z,;) is the output of neuron i in layer r, which is
determined using the activation function f(z) (e.g. f(2) = S(z)). The number of layers is k, while the
number of neurons per layer q(r) can be different in every layer.

Then the backpropagation can be started by determining the values

= k (output 1
5rj_{( ey Tk e e Vr=k,..,1 (211)

ZQ(”‘H) 5r+1 i’ r+1,i,j) ) fr (Zr’j)’ r <k (hidden layers)

for every neuron j in every layer r recursively, starting at the last layer r = k, where

df(z.;)
9z

r,j

f@) = (212)

de
28—, (213)
2y;
t is the current iteration and ¢; is the error of output j in the output layer. If only one output is used, 2 I y
can replaced by the pred1ct1on error €. If 6, ; was determined for every neuron i in every layer r, ﬁnally

86
ow

can be determined for every weight w, ; ; in order to perform the learning step.

= 5r,j “Yr-11 (214)
r,j,l

The learning process can, for example, be stopped if a certain number of learning steps were performed
or if the error in a certain number of iterations was below a defined threshold.
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3.3.10 Decision Tree Classifier

A Decision Tree is a structure of hierarchical organized decision rules. It can provide a predictive answer
considering given information, while applying the rules. The tree structure starts at the root node, which
is connected with further nodes via branches. Every node at the end of the branches represents another
case. Based on the decision rule at the root node, the first decision can be made and the next node can
be entered via the branch. At the current node a further decision rule determines which node is entered
next. This process is recursively performed until a node is entered that has no branches to further nodes.
Those nodes are called leaves and provide the final answers of the decision tree. The maximum number
of decisions that can occur while determining one answer is called the depth of the tree.

A Decision Tree can be used in many domains and can be created by experts in order to give newcomers
an idea how decisions should be made.

In data mining and machine learning domains the approach to use Decision Trees as predictive mod-
els is called Decision Tree Learning, where the Decision Trees can be used for classification tasks using
Classification Trees but also for regression tasks using Regression Trees.

Applying a Classification Tree is simple because the tree is partitioning the feature space recursively in
many partitions using simple rules and every partition is labeled with a certain predicted class. Hence,
for a given input value combination only the corresponding partition has to be determined by testing
simple case discriminations (decisions) at the tree nodes. An example for a decision rule of a node is: "if
(x < 4), take the left branch else take the right branch".

The more challenging part of the Decision Tree Learning is to determine suitable rules for the given train-
ing data. Many algorithms were developed for that purpose, e.g. the ID3 (Iterative Dichotomiser 3),
C4.5 (successor of ID3) and CART (Classification And Regression Tree) are common algorithms [19].

Root
Node 1
(x, =6.5)
x <6.5 x> 6.5
Node 1.1 Node 1.2
(Xb = 25) (yb = 15)
x <25 x>2.5 y<15 y>1.5

Figure 25: Schematic diagram of a Decision Tree Classifier with a maximum depth of 2 that was trained with
Dataset 1 from Figure 27 on page 62. The feature space is partitioned stepwise. At the Root Node 1 the
feature space is split at the boundary x = x, = 6.5 into two subspaces, which are split again at Node
1.1 and Node 1.2. For the final four feature subspaces, the predicted output value (or class) 2 is defined
at the Leaves 1.1.1, 1.1.2, 1.2.1 and 1.2.2.
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In Figure 25 a schematic diagram of a Classification Tree with a maximum depth of 2 is depicted. It was
trained with Dataset 1 from Figure 27 on page 62 using the Decision Tree Classifier python implemen-
tation of the sklearn package from http://scikit-learn.org/ [15] with a maximum depth of 2. The used
split criterion was the Information Gain, which led to the same result as the default split criterion Gini
Impurity. The feature space is partitioned stepwise. At the Root Node 1 the feature space is split at the
boundary x = x;, = 6.5 into two subspaces, which are each split again at Node 1.1 and Node 1.2. For the
final four feature subspaces, the predicted output value (or class) 2 is defined at the Leaves 1.1.1, 1.1.2,
1.2.1and 1.2.2.

The resulting classification for all (x, y) combinations in the feature space is depicted in Figure 26. The
areas where the same values are predicted are the partitions. In order to create a more detailed predic-
tion, the maximum depth of the tree has to be increased. However, a smaller tree structure is easier to
understand and therefore suitable for an illustration.

Decision Tree CIassnfler W|th a maX|mum depth of 2

[ BEEE OODDDDDEE
{HEEE @B pEEE | -
> e 16 3
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: : - - - : : : : : : : - - - - ()]
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Figure 26: Result and feature space partitioning of the Decision Tree Classifier from Figure 25 on Dataset 1 (Figure
27 on page 62) with a maximum depth of 2. The feature subspaces are labeled with different numbers.
The numbers are the predicted outputs 2 of the Classifier for every input value combination (x, y). The
colors are also corresponding to the predicted output values £, which can be read from the color bar on
the right.

Information Gain as a criterion to determine suitable splits
The ID3 and C4.5 algorithms using the Information Gain as a splitting criterion [19]. The Information
Gain of feature (attribute) a; on dataset S in [19] is defined as

. . |0ai:VijS|
InformationGain(a;,S) = Entropy(y,S)— Z |T|’-Entropy(y,oal:,,i].S), (215)
vi’jedom(a,-)

S| s

Entropy(y,S)=— Z (216)

cjedom(y)

where S is the set of remaining data samples at the node where the InformationGain(a;,S) is de-

loy=c;S| |oa;=y; ;5|

termined, TII is the probability that the output variable y takes the value c; in S, 5 is the
probability that feature (attribute) q; takes the value v; ; in S, o, =y S 1 the subset of S where a; = v; j,
dom(yy) is the set of values that y can take and dom(al) is the set of attributes.

This definition is used in order to compare the attributes in their ability to reduce the entropy of the
output variable y for the following nodes. The attribute a; with the highest value of the Information
Gain is the winner attribute of the current node. This criterion is only sufficient for building a decision
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tree if for every value v; ; that the winner attribute can take, a following node is created. Otherwise, the
decision boundary (where to split on the winner attribute) is unclear.

In order to split the remaining data samples at every node in two subsets, the method can be modified. If
the attribute a; can take for example four sorted values v; i»J =1,..,4, three possible decision boundaries
are possible (between all consecutive values). The InformationGain(a;,S) is determined for the three
following cases:

1.) The two value groups {v; 1} and {v; ,, v; 3, ; 4} are replaced by the two values #;; and 7 ,.

2.) The two value groups {v; 1, v; 5} and {v; 3, v; 4} are replaced by the two values 7 ; and 7, .

3.) The two value groups {v; 1, V; 5, ; 3} and {v; 4} are replaced by the two values 7 ; and 7, .

Hence, for every possible split on every attribute a; an InformationGain(a;,S) can be calculated. The
overall highest Inf ormationGain(a;,S) determines the best attribute with the corresponding split.

Due to the hierarchical determination of the decision boundaries, the decision boundaries are only locally
but not globally optimal.
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4 Results

4.1 Experimental Data

In this section several datasets are introduced. The datasets are designed to evaluate and compare the
quality of the partitioning methods. As a baseline for the partitioning evaluations reasonable partition-
ings were manually applied.

4.1.1 Dataset 1: Multiplications

In Dataset 1 (see Figure 27) the output values z are generated by a multiplication of the input values
x and y. Due to missing (improbable) value combinations, the dependencies between the variables
are locally changing. Therefore, the Dataset 1 contains feature subspaces with Synergy, Redundancy,
Non-Interaction and Compensation.

Q(X;Y:Z) =0.2082bit
I(X;Y) =0.3796bit  H(X) =3.7219bit
I(X;Z)=3.1342bit  H(Y) =1.9796bit
I(Y:Z) =1.3918bit  H(Z)=4.7342bit

! ' ' ' ! ! ! ! ! ! ! 64
+ S M =2 £ B0 5256 0| o+ R
 HIE B ||| | |o-
> S e S oy [ By [ 32
IR 2| 4 oo | 28)128)1201188) | 24 -
+ e o B (e
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Figure 27: Samples of Dataset 1 with interval variables

The feature subspaces have the following properties:

Dataset 1-1: Local Synergy:

In Dataset 1-1 which describes the local subspace (1 < x < 4), X and Y are independent (I(X;Y) =
0bit). The independence of X and Y can also be observed in Figure 28, where the samples are dis-
tributed in the whole subspace because the knowledge of X does not constrain the values of Y and vice
versa. Furthermore, the entropy H(Z) = 3.0778bit is not covered by the information that is provided
by I(X;Z) = 1.0778bit and I(Y;Z) = 1.0778bit (X and Y separately), but the Interaction Information
Q(X;Y;Z)=0.9222bit provides the rest. The reason for the Synergy is that I(X;Z)+ I(Y; Z) is smaller
than I(X,Y; Z) which is caused by the circumstance that for example the output value z = 4 can occur for
any value x € {1,2,4} or y € {1,2,4}. Hence, X and Y separately do not provide an information about
whether 2 = 4 occurs or not, if x # 3 and y # 3. However, if x =3 or y = 3, 2 = 4 can not occur. While
% = 16 can not occur if x # 4 or y # 4, thus a certain amount of dependency (I(X;Z) =I(Y;Z) > 0)
exists. Consequently, there is no pure but a significant amount of Synergy in the feature subspace.
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Dataset 1-2: Local Redundancy:

In Dataset 1-2 which describes the local subspace (5 < x < 8), X and Y are strongly dependent
(I(X;Y) = 2bit). The strong dependency of X and Y can also be observed in Figure 29, where the
samples are distributed on a diagonal line of the subspace because the knowledge of X constrains the
values of Y and vice versa.

Furthermore, the entropy H(Z) = 2bit is covered by the information that is provided by I(X; Z) = 2bit
or I(Y;Z) = 2bit because X and Y are redundant. The Interaction Information Q(X;Y;Z) = —2bit
confirms the Redundancy.

The reason for the Redundancy is that I(X;Y) = H(X) = H(Y) = H(Z) = I(X;Z) = I(Y;Z) = 2bit,
hence the information that X and Y share is the same amount of information that X and Z share, while
it covers the whole entropy H(Z). Therefrom, X and Y provide the same, entire information about Z.
The strong Redundancy in this subspace allows a lossless local feature selection because the entire infor-
mation about Z is provided if only X or Y is available.

Dataset 1-3: Local Non-Interaction:

In Dataset 1-3 which describes the local subspace (9 < x < 12), Y is independent from X, Z and (X, Z)
dueto I(X;Y)=1(Z;Y) =I(X,Z;Y) = 0bit, thus there is a Non-Interaction Q(X;Y;Z) = Obit. The
independence of Y from the other variables can also be observed in in Figure 30, where the samples are
distributed on a horizontal line of the subspace because Y is constant (y =4 Vx € {9,10,11,12} <
H(Y) = 0). Y can not contribute information about Z, therefrom the feature Y is useless an can be
removed by a lossless local feature selection in this local subspace.

Note: If Q(X;Y;Z)=0 and at least two values in the Mutual Information set {I(X;Y),I1(X;Z),1(Y;Z)}
are zero, a Non-Interaction case was found. For example, if I(X;Y) = I(Y;Z) = Q(X;Y;Z) = 0 then
I(YV;X,Z)=Q(X;Y;Z)+1(X;Y)+I(Y;Z) =0, hence, does not help to find the value that Z takes.

Dataset 1-4: Local Compensation:

In Dataset 1-4 which describes the local subspace (13 < x < 16), X and Y are independent (I(X;Y) =
0bit). The independency of X and Y can also be observed in Figure 31, where the samples are dis-
tributed in the whole subspace because the knowledge of X does not constrain the values of Y and vice
versa.

Furthermore, the entropy H(Z) = 4bit is exactly covered by the information that is provided by
I(X;Z) = 2bit and I(Y;Z) = 2bit (X and Y separately), consequently the Interaction Information
Q(X;Y;Z)=0bit vanishes.

The Compensation can be identified because Q(X;Y;Z) = 0bit, while there is no variable that is inde-
pendent from the other variables.

In contrast to the subspace (1 < x < 4) the output variable Z has 16 different output values with the
same probability (H(Z) = 4bit), where the knowledge of X or Y reduces the number of possible output
values to four different values (I(X;Z) =1(Y;Z) = 2bit). Therefore, X and Y have the same importance
to predict the value of Z.

As well as in the Synergy subspace (1 < x < 4), both features (X and Y) are required to cover the entropy
H(Z), which is a Synergy case. However, for the calculation of Q(X;Y; Z) the variables X, Y and Z are
interchangeable, hence if Z was the input variable, no other variable would be required to predict the
values of X or Y. If Z is known, X and Y are known, too, which is a Redundancy case.

Thus, Synergy and Redundancy are contained in Dataset 1-4 and compensate each other.
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Q(X;Y:2) =0.9222bit Q(X;Y;Z) =—2.0000bit

1(X;Y) =0.0000bit  H(X) =2.0000bit 1(X;Y) =2.00006it  H(X) =2.0000bit
I(X;2)=1.0778bit  H(Y)=2.0000bit I(X;2) =2.0000bit  H(Y)=2.0000bit
1(Y:2)=1.0778bit  H(Z) =3.0778bit L6 1(Y:Z)=2.0000bit  H(Z) =2.0000bit
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Figure 28: Samples of the feature subspace Dataset 1- Figure 29: Samples of the feature subspace Dataset 1-

1, which consists of all the samples from 2, which consists of all the samples from
Dataset 1, which fulfill 1 < x < 4. Dataset 1, which fulfill 5 < x < 8.
Q(X;Y:Z) =0.0000bit Q(X;Y:Z) =0.0000bit
I(X;Y)=0.0000bit  H(X)=2.0000bit I(X;Y)=0.0000bit  H(X) =2.0000bit
I(X;Z)=2.0000bit  H(Y) =0.0000bit I(X;Z)=2.0000bit  H(Y) =2.0000bit
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Figure 30: Samples of the feature subspace Dataset 1- Figure 31: Samples of the feature subspace Dataset 1-
3, which consists of all the samples from 4, which consists of all the samples from
Dataset 1, which fulfill 9 < x < 12. Dataset 1, which fulfill 13 < x < 16.

Many classifiers are not able to learn a relation that is based on a multiplication. Thus, a simpler relation
was used to generate the next dataset.

4.1.2 Dataset 2: Summation with Saturation

Simple models are not able to perform multiplications. In order to have a dataset which has local rela-
tions that can be described by a linear model, this dataset was created. If the feature space is partitioned
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in the right way, the relations in the feature subspaces can be fully described by a affine relation (linear
relation with offset).

In Dataset 2 (see Figure 32) the output values z are generated by a non-linear function z = x +
min(y,10) + 10 which is a summation of x and y, while the influence of y goes in saturation at
y = 10. Therefore, the Dataset 2 contains a feature subspace with Synergy, before the influence of
y goes in saturation. It also contains a feature subspace with Non-Interaction, where the change of y has
no influence on z. The value relations in both feature subspaces are affine (linear with offset).

Q(X;Y:Z) =2.0854bit
I(X;Y) =0.0000bit  H(X) =4.3219bit
I(X;Z) =2.2366bit  H(Y)=4.3219bit
I(Y-Z) =0.3339bit H(Z) =4.6558bit
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Figure 32: Samples of Dataset 2 with interval variables

Saturations

Saturations are common in technical applications, especially in the automatic control engineering, where
the actuating variable is usually bounded.

A simple example is a bottle filled with gas, where one input variable describes the pressure in the bottle
and another input variable describes how far the valve of the bottle was turned. The output variable is
the volumetric flow of the gas that leaves the bottle. A higher pressure increases the value of the output
and a wider opened valve increases the output value, too. However, if the valve is completely opened,
the turning of the valve will not increase the output value. In that case the interaction of the input
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variables vanishes.
The feature subspaces have the following properties:

Dataset 2-1: Local Synergy:

In Dataset 2-1 which describes the local subspace (1 < y < 10), X and Y are independent (I(X;Y) =
0bit). The independence of X and Y can also be observed in Figure 33, where the samples are dis-
tributed in the whole subspace because the knowledge of X does not constrain the values of Y and vice
versa.

The relation of the variable values is z = x + y + 10 in that feature subspace, therefore it is an affine
(linear with offset) relation.

The reason for the Synergy is that I(X;Z) + I(Y;Z) is smaller than I(X,Y;Z) which is caused by the
circumstance that both input values x and y are required to predict the output value z. However, know-
ing x or y alone also reduces H(Z). For example the output value z = 21 can occur for any value
x €{1,..,10} or y € {1,..,10}. Hence, X and Y separately do not provide an information about whether
2z = 21 occurs or not, if x, y < 10. However, if x, y > 10, 2 = 21 can not occur, thus a certain amount of
dependency (I(X;Z) =1(Y;Z) > 0) exists. Hence, there is no pure Synergy but a significant amount of
Synergy (Q(X;Y;Z)=2.9676bit) in the feature subspace.

Q(X;Y:Z) =2.9676bit
I(X;Y) =0.0000bit  H(X)=4.3219bit
I(X;Z)=1.3543bit  H(Y) =3.3219bit
1(¥;2) =0.3543bit__H(Z) =4.6762bit
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Figure 33: Samples of the feature subspace Dataset 2-1, which consists of all the samples from Dataset 2, which
fulfill 1 <y < 10.

Dataset 2-2: Local Non-Interaction:

In Dataset 2-2 which describes the local subspace (11 < y < 20), X and Y are independent (I(X;Y) =
0bit). The independence of X and Y can also be observed in Figure 34, where the samples are dis-
tributed in the whole subspace because the knowledge of X does not constrain the values of Y and vice
versa.

The relation of the variable values is z = x + 20 in that feature subspace, therefore it is an affine (linear
with offset) relation.

The reason for the Non-Interaction is that the value y does not influence the output value z. That can
be identified by recognizing that two values in the Mutual Information set {I(X;Y),1(X;Z),I1(Y;Z)} are
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zero, while Q(X;Y; Z) is zero, too.
I(X;Y)=I(Y;Z)=Q(X;Y;Z)=0=Y does not help to find the value that Z takes.

Q(X;Y:Z) =0.0000bit
I(X;Y) =0.0000bit  H(X)=4.3219bit
I(X;7)=4.3219bit  H(Y) =3.3219bit
I(Y:Z) =0.0000bit  H(Z) =4.3219bit
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Figure 34: Samples of the feature subspace Dataset 2-2, which consists of all the samples from Dataset 2, which
fulfill 11 < y < 20.

4.1.3 Dataset 3: Weighted Synergy and Redundancy

In contrast to the previous dataset the numbers in Dataset 3 can be understood as classes because the
results are not generated by calculations.

This flexible dataset allows to create a desired ratio between Synergy and Redundancy. The Interaction
Information can be adjusted. It was mainly used to analyze the behavior of the Naive Bayesian Classifier
for different Interaction Information values.

In Dataset 3 (see Figure 35) every single value was set manually.

The idea is to provide a pure Synergy in one feature subspace and a pure Redundancy in the other feature
subspace. The samples of each subspace can be duplicated by a given number.

Let fs,, be the frequency of every sample in the pure Synergy feature subspace (1 < x < 4) and fg4 be
frequency of every sample in the pure Redundancy feature subspace (5 < x < 8). In Figure 36 the case
fsyn = 1, freqd = 4 is shown. These are the default values of the Dataset 3 and were used to calculate
the information measures in Figure 35. In the case fg,, = 1, fr,q = 4 the Synergy and Redundancy
compensate each other. The greater f;,, is compared to fr.q the greater is the Interaction Information
and vise versa. Hence, the Interaction Information of the Dataset 3 can be set between —2bit and 2bit
using fsy, and fg.4 as follows:

—2bit <Q(X;Y;Z) < 2bit 217)
QX;Y;Z) ~ +2bit (if4- fg,n >> frea) (218)
Q(X;Y;Z)= Obit (if 4- fs,n = frea) (219)
QX;Y;Z) ~ —2bit (if4- fg,n << frea) (220)
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Note: The information measures in the local subspaces are not affected by the values of fg,, and fg.q as
long as fgu, freq = 1 is fulfilled. The probabilities do not change if all frequencies are increased by the
same factor.

Interesting insight:

In order to produce an Interaction Information Q(X;Y; Z) = 2bit (pure Synergy), at least 16 data samples
are required, while only 4 data samples are required to produce an Interaction Information Q(X;Y;Z) =
—2bit (pure Redundancy).

Hence, a Redundancy should rather occur in random data than Synergy.

For the pure Synergy 16 data samples are required because all values in the set Mutual Information
set {I(X;Y),I(X;Z),I(Y;Z)} have to be zero, while min(H(X),H(Y),H(Z)) = 2bit (every variable
has at least 4 different values that it can take). I(X;Y) = 0 is only possible if all value combinations
(xi,¥;),1,j €{1,...,4} have the same frequency.

Q(X;Y:Z) =0.0000bit
I(X;Y) =2.00006it  H(X) =3.0000bit
I(X;Z) =1.0000bit  H(Y) =3.0000bit
I(Y:2) =1.0000bit  H(Z) =2.0000bit
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Figure 35: Samples of Dataset 3 with interval variables, Figure 36: Histogramm of the input values of Dataset 3,
where fs,, =1 and fp,q =4 where fg,, =1 and fp.q =4

Dataset 3-1: Local pure Synergy:

In Dataset 3-1 which describes the local subspace (1 < y < 4), X and Y are independent (I(X;Y) =
0bit). The independence of X and Y can also be observed in Figure 37, where the samples are dis-
tributed in the whole subspace because the knowledge of X does not constrain the values of Y and vice
versa.

The was manually designed to describe pure Synergy, which is a rare property in generated or real data.
A pure Synergy describes a case, where the entropy of the output variable H(Z) is only reduced if both
input variables X and Y are known (I(Z;X,Y) =Q(X;Y;Z) > 0). The Mutual Information of Z with one
input variable alone is zero (I(Z;X) = I(Z;Y) = 0). Dataset 3-1 is similar to a bitwise XOR operation,
which is also an example for a pure Synergy.

The most important property of a pure Synergy is that every pairwise Mutual Information is zero
(IX;Y) = I(X;Z) = I(Y;Z) = 0). This property requires that in every row and in every column
the frequency of all values that Z can take has to be equal.
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Dataset 3-2: Local pure Redundancy:
In Dataset 3-2 which describes the local subspace (5 < y < 8), X, Y and Z are strongly dependent (see
Figure 38, I(X;Y) = I(X;Z) = I(Y; Z) = 2bit), which describes a pure Redundancy (see also Dataset

1-2).

Q(X;Y:Z) =2.0000bit
I(X:;Y) =0.0000bit  H(X) =2.0000bit
I(X;Z) =0.0000bit  H(Y) =2.0000bit

1(Y:2) =0.0000bit  H(Z) =2.0000bit
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Figure 37: Samples of the feature subspace Dataset 3- Figure 38: Samples of the feature subspace Dataset 3-
1, which consists of all the samples from

1, which consists of all the samples from

Dataset 3, which fulfill 1 < x < 4.

Dataset 3, which fulfill 5 < x < 8.
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4.2 Case Studies

4.2.1 Information Maps

In this section the Information Maps that were introduced in Section 3.1.2 are created for the three
datasets from Section 4.1. The Information Maps depict the information share that is caused by all prob-
abilities that correspond to the local values x or y or both. The sum of all information shares from all
locations on the map is the entire information.

The maps were created for the Mutual Information, the Conditional Mutual Information and for the
Interaction Information. Actually, we are interested in the Interaction Information, however the Interac-
tion Information Map is sometimes hard to analyze compared to the Mutual Information Map and the
Conditional Mutual Information Map. If the Mutual Information Map is subtracted from the Conditional
Mutual Information Map we obtain the Interaction Information Map, hence, it can be helpful to analyze
the Mutual Information Map and the Conditional Mutual Information Map if the shares of the Interaction
Information Map do not lead to sensible conclusions.

Mutual Information Maps

The Mutual Information Maps are easy to analyze because they do not consider a third variable Z. A
share i(x, y) on the map at position (x, y) is higher if the value x occurs more probable in combination
with the value y than in combination with other values and vice versa. If the share i(x, y) is zero, the
combination of x and y is either as probable as the multiplication of their separate probabilities (inde-
pendence of the values) or does not happen (probability of the combination is zero). If a share i(x, y) is
negative, a combination of x and y is less probable than the multiplication of their separate probabilities.
Every negative i(x, y) can only exist if even higher positive shares i(x, y) at other locations exist. The
sum of all shares i(x, y) of the map is the Mutual Information. The Mutual Information can only become
zero if all shares i(x,y) on the map are zero, otherwise there exists an interdependency between the
variables X and Y.

In Figure 39-41 the Mutual Information Maps of Dataset 1-3 are shown. They visualize the Mutual Infor-
mation Maps shares i(x, y) for all possible combination of x and y.

Value combinations (x, y) that are labeled with "+" have a positive share and value combinations (x, y)
that are labeled with "-" have a negative share, while the value combinations (x, y) that have the max-
imum positive share are labeled with "++" and the value combinations (x, y) that have the minimum
negative share are labeled with labeled with "- -". The value combinations (x, y) that have a share of
zero are labeled with "0". The color of a (x, y) combination corresponds to the value of the share, which
can be read from the color bar on the right.

In Figure 39 the highest shares i(x, y) occur at the positions (5,1), (6,2) and (7,4) that means that the
diagonal chain of samples increases the Mutual Information at most. That is caused by the circumstance
that the value y can be reconstructed from x and vice versa on the diagonal. In a similar manner y
can be reconstructed from x in the area (x,y),x € {8,9,10,11,12},y = 4. However, y = 4 does only
provide the information that x is not equal to 5, 6 and 7. Thus, the shares are smaller. In the areas
1 <x £4and 13 £ x < 16 the variables X and Y are almost independent because the 16 samples in
each of the areas occur with the same frequency. But the shares are not zero because they are influenced
from the area 5 < x < 12. In that area all shares at y € {1,2,3} have the same small positive value
and all shares at y = 4 have a small negative value and x and y can not be reconstructed from each
other. But the probability that x lies in the areas 1 < x <4 or 13 < x < 16 is smaller in the case y = 4
than in each of the cases y € {2, 3,4} because row y = 4 has the most samples. For example, knowing
X = 4 means that the probability of y = 4 is smaller than the probability of y = 3, which is a slight
information.

The value combinations that are labeled with zero do not occur in Dataset 1.
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Figure 40: Mutual Information Map of Dataset 2

In Figure 41 the highest shares i(x, y) occur at the positions (5,5), (6,6), (7,7) and (8, 8) that means
that the diagonal chain of samples increases the Mutual Information at most. That is caused by the
circumstance that the value y can be reconstructed from x and vice versa on the diagonal. Positive
shares can also be found in the area x,y € {1, 2,3,4}. The knowledge of x € {1,2,3,4} allows to infer
that y € {1, 2, 3,4} and vice versa, which describes a small shared information. The value combinations
that are labeled with zero do not occur in Dataset 3.
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Figure 41: Mutual Information Map of Dataset 3

Conditional Mutual Information Maps

The Conditional Mutual Information Maps are not as easy to analyze as the Mutual Information Maps
because they consider the third variable Z while there is no third dimension on the map visible. If Z can
take g values 2,k = 1,...,q, we can take out a subset k of data samples from the dataset, where the vari-
able Z takes the value z;. For subset k we can calculate the Mutual Information Map k. We can calculate
q separate Mutual Information Maps. If every Mutual Information Map k is weighted with the probability
of z, then we can sum up the g Mutual Information Maps to obtain the Conditional Mutual Information
Map. The sum of all shares i,(x, y) of the map is the Conditional Mutual Information. Conditional Mutual
Information has at least the value zero, because it is the sum of positive weighted Mutual Information
Maps. In Figure 42-44 the Conditional Mutual Information Maps of Dataset 1-3 are shown.

Value combinations (x, y) that are labeled with "+" have a positive share and value combinations (x, y)
that are labeled with "-" have a negative share, while the value combinations (x, y) that have the max-
imum positive share are labeled with "++" and the value combinations (x, y) that have the minimum
negative share are labeled with labeled with "- -". The value combinations (x, y) that have a share of
zero are labeled with "0". The color of a (x, y) combination corresponds to the value of the share, which
can be read from the color bar on the right.

In Figure 42 the highest shares are at the (x, y)-positions (1,4), (2,2), (4,1), (3,4), (4,3) and (6, 2).
Because the z values are not shown in the map, we have to look them up in Figure 27 on page 62. At
the (x, y)-positions (1,4), (2,2) and (4, 1) the value of z is 4, while the value of z is 12 at the positions
(3,4), (4,3) and (6,2). The values z = 4 and g = 12 each occur three times in the data, while the g
values at the (x, y)-positions, which are labeled with "+" occur twice in the data (the z-values are 2, 3,
6, 8, 16, 32, 48). The (x, y)-positions that are labeled with "0" correspond either to samples that do not
occur in the data or to samples with z-values that occur only once in the data. The Conditional Mutual
Information Map is a sum of q Mutual Information Maps weighted with p(z;), k = 1,...,q, where every
map k is created for the data samples with z = z, and q is the number of discrete values that Z can
take. Therefore, every Mutual Information Map k that corresponds to a value g, that occurs only once
in the data, is a Mutual Information Map of one sample, which has only shares that are equal to zero
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because the entropies H(X|Z = 2;) and H(Y|Z = g;) are zero. The knowledge of 2, allows to reconstruct
the values of x and y in that case. An example would be the (x, y)-position (10, 4) with 2 = 40, which
occurs only once.

Every Mutual Information Map k that corresponds to a value g, that occurs twice in the data is a Mutual
Information Map of two samples (e.g. the (x, y)-positions (2,3) and (3,2) with z = 6). Because the
z-pairs have never the same x and y in Dataset 1, the entropies H(X|Z = ;) and H(Y|Z = z;) are 1bit
and can be reconstructed from each other I(X;Y|Z = 2;,) =1bit (x =2<=>y =3,x=3<=>y =3,
given z = 6). Therefore, the Mutual Information Map k has two shares equal to 0.5bit at the (x, y)-
positions of the two samples. In the Conditional Mutual Information Map the shares occur weighted with
p(zp).

Every Mutual Information Map k that corresponds to a value gz, that occurs twice in the data is a Mutual
Information Map of two samples (e.g. the (x, y)-positions (2,3) and (3,2) with z = 6). Because the
z-pairs have never the same x and y in Dataset 1, the entropies H(X|Z = ;) and H(Y|Z = z;) are 1bit
and can be reconstructed from each other I(X;Y|Z = 2;,) =1bit (x =2<=>y =3,x=3<=>y =3,
given z = 6). Therefore, the Mutual Information Map k has two shares equal to 0.5bit at the (x,y)-
positions of the two samples. In the Conditional Mutual Information Map the shares occur weighted with
p(z).

Every Mutual Information Map k that corresponds to a value gz; that occurs three times in the data
is a Mutual Information Map of three samples (e.g. the (x, y)-positions (3,4), (4,3) and (6,2) with
z = 12). Because the z-triples have never the same x and y in Dataset 1, the entropies H(X|Z = z;)
and H(Y|Z = z,;) are log,(3)bit and can be reconstructed from each other I(X;Y|Z = z;) = log,(3)bit
(x=3<=>y=4x=4<=>y=3,x=06<=>y =2, given g = 12). Therefore, the Mutual
Information Map k has three shares equal to %logz(S)bit at the (x, y)-positions of the three samples. In
the Conditional Mutual Information Map the shares occur weighted with p(z;).

Because only a particular z; occurs at a certain (x, y)-position in Dataset 1, every share of the Conditional
Mutual Information Map is only influenced by one Mutual Information Map k.

The positive shares of the Conditional Mutual Information Map correspond to the (x, y)-position, where
on the one hand the knowledge of the value z is not sufficient to reconstruct the values x and y and on
the other hand the knowledge of x helps to reconstruct y and vice versa. Higher shares are caused by a
higher number of possible x and y values for a given value of z and a good capability to reconstruct x
from y and vice versa.
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Figure 42: Conditional Mutual Information Map of Dataset 1

In Figure 43 the Conditional Mutual Information Map of Dataset 2 has the highest shares at the (x, y)-
positions, where 11 < x + y <21 and 1 < y <9 (diagonal chains of "+ +"), correspond to the z values
that occur at most in Dataset 2 e.g. z = 30 (see also Figure 32 on page 65). The value z = 30 occurs at the
diagonal chain of (x, y)-positions y =20 —x,1 < y <9 and on the vertical chain x = 10,10 < y < 20.
Because z = 30 is one of the z values that occurs at most, the potential for higher shares is given because
more samples are available for the given z, which means that the entropy of X and Y given z can be
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higher. In the area 1 < y <9, if z = 30 is known, 9 possible cases of x and y are left. Because x and
y can be reconstructed from each other, the shares, which are lying on the diagonal chain ("++"), are
high. But on the vertical chain (x = 10,10 < y < 20) y can not be reconstructed from x = 10. The
information of x = 10 knowing z = 30 does only provide the information that y > 10, therefore, the
shares are slightly higher than zero.

The rest of the shares on the Conditional Mutual Information Map are created in the same manner, but
the frequency of the corresponding z values is smaller. Therefore, the shares are smaller due to smaller
entropies H(X|Z = z) and H(Y|Z = z) which limit the information that is shared by X and Y.
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Figure 43: Conditional Mutual Information Information Map of Dataset 2
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Figure 44: Conditional Mutual Information Map of Dataset 3
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In Figure 44 the Conditional Mutual Information Map shows only positive shares, where the shares in
the area x = y € {5, 6, 7,8} are higher because the frequency of the samples in that area is four, while
the remaining samples occur only once in Dataset 3. Every possible value z € {1,2,3,4} occurs with
the same frequency (see Figure 35). For a given z, five (x, y)-positions are left, where the five x and y
values can be reconstructed from each other. Therefore, all shares at (x, y)-positions, where at least one
sample exists are positive.

Interaction Information Maps

The Interaction Information Maps consider the third variable Z, while there is no third dimension on the
map visible. A Interaction Information Map can be obtained by subtracting the Mutual Information Map
from the Conditional Mutual Information Map. The sum of all shares q,(x,y) of the Interaction Infor-
mation Map is the Interaction Information, which can be positive, negative or zero. In Figure 45-47 the
Conditional Mutual Information Maps of Dataset 1-3 are shown.

Value combinations (x, y) that are labeled with "+" have a positive share and value combinations (x, y)
that are labeled with "-" have a negative share, while the value combinations (x, y) that have the max-
imum positive share are labeled with "++" and the value combinations (x, y) that have the minimum
negative share are labeled with labeled with "- -". The value combinations (x, y) that have a share of
zero are labeled with "0". The color of a (x, y) combination corresponds to the value of the share, which
can be read from the color bar on the right.

In Figure 45 the highest shares of the Interaction Information Map correspond to the (x, y)-positions
(1,4) and (83, 4) the Conditional Mutual Information Map has the maximum share and the Mutual Infor-
mation Map the minimum share at the same (x, y)-position. All values can be explained by the difference
of the Conditional Mutual Information Map and the Mutual Information Map. Reading the Interaction In-
formation Map allows us to observe at which (x, y)-positions the values x and y can better reconstructed
from each other knowing the value of z compared to the case that z is unknown. For example, at (x, y)-
position (1,4) (see also Figure 27 on page 62 for the z values) the value x = 1 does not allow us to
reconstruct y because for x = 1 y can take the maximum of possible values y = {1,2,3,4}, we have
only the insignificant information that each of the cases y = {2,3,4} is slightly more probable than
y = 1. Howevey, if 2 = 4 at the (x, y)-position (1,4) is known, the values of x and y can be recon-
structed from each other because Dataset 1 has only one case where x = 1,y = 4,z = 4. Hence, the
positive shares indicate an increased capability to reconstruct x and y from each other caused by the
additional knowledge of the z value.

In contrast at the (x, y)-position (5, 1) the share has the smallest value. That means that the knowledge
of z decreases the capability to reconstruct x and y from each other. In our case knowing z = 5 allows
to infer that x = 5 and y = 1 because the value z occurs only at exactly one (x, y)-position. If x and
y are already known due to the knowledge of 2z, they can not be reconstructed from each other. But
without knowing z the values of x and y can be reconstructed from each other. Because the cases z =5
and x = 5 occur only once in Dataset 1, the same sample can be identified by only knowing one of both
values, therefore, they provide redundant information.

The Interaction Information Map allows to see the shares of the Interaction Information for every (x, y),
which is a more detailed information than only the sum of the shares. For example, in Figure 28 on page
64 was shown that the Interaction Information is high in the feature subspace 1 < x < 4 of Dataset 1.
But the Interaction Information Map uncovers that in the overall synergetic area also negative shares are
included, which correspond to the (x,y)-positions (1, 1) and (3, 3).
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Figure 45: Interaction Information Map of Dataset 1

In Figure 46 the Interaction Information Map is equal to the Conditional Mutual Information Map because
the Mutual Information Map has only shares equal to zero. In all areas where the shares are positive the
information that the values x and y provide about each other could be increased by additional knowl-
edge of z.
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Figure 46: Interaction Information Map of Dataset 2

In Dataset 3 (Figure 47) the Interaction Information Map has a synergetic area (1 < x, y < 4) with shares
of equal size due to its pure local Synergy and due to the pure local Redundancy the shares are also equal
in the area (1 < x =y <4). In the area (1 < x,y < 4) the knowledge of z is required in order to use
the knowledge that the values x and y provide about each other (Synergy), consequently the shares are
positive. But in the area (1 < x =y < 4) x and y can be reconstructed from each other without knowing
z. If z is known the x and y can still be reconstructed from each other, but the remaining uncertainty of
both is reduced, therefore the remaining information they can share is reduced due to the knowledge of
%. For example, if z = 3, x, y € {5, 6,8} is not longer possible and a large amount of information that x
and y could share is redundant to the information that z provides (see Figure 35 on page 68).
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Figure 47: Interaction Information Map of Dataset 3

Interaction Information Maps for Feature Space Partitioning

The Interaction Information Q(X;Y;Z) does not change if the variables X, Y and Z are interchanged.
Assuming that the variables X and Y are the inputs and Z the output of a system, the goal is to predict
the value z from the values x and y. Consequently, the feature space has the dimensions x and y. A
possible goal of the feature space partitioning could be to find a feature subspace, where the Synergy of
the contained data samples is maximized.

The Interaction Information Map provides exact local shares that allow to identify the locations which
increase the overall Interaction Information at most. However, the local shares are dependent from all
data samples. Separating a local feature subspace from the data means that data samples are removed.
Consequently, the Interaction Information Map of the local feature subspace is not a local part of the In-
teraction Information Map that was created from the original dataset. Instead, the Interaction Information
Map of the local feature subspace is different than the original map due to the missing data samples. It
is possible that the Synergy is increased by removing the data samples, but its also possible that removed
data samples would increase the Synergy in the current feature subspace.

In order to maximize the Synergy in one feature subspace an iterative method for a feature space parti-
tioning based on the Interaction Information Map was developed (see Section 3.2.3). The method uses
relaxed assignments (introduced in Section 3.2.1) of the data samples to the feature subspace. Relaxed
means that the calculation of the Discrete Probability Density Function is modified in that way that it is
able to handle data samples as if they only partly exist. For example, instead of removing a data sam-
ple completely, the influence of the data sample can be reduced continuously. The partitioning method
increases the influence of the data samples that correspond to shares of the Interaction Information Map
that are positive and decreases the influence of the data samples that correspond negative shares. After
the adaptation of the influences, the Interaction Information Map is created again to provide the required
information for the next adaptation of the influences. Using the iterative method avoids that data sam-
ples are removed if they are required for the Synergy. The method can also be used to find a feature
subspace where the Redundancy is maximized. It would even be possible to use the method with the Con-
ditional Mutual Information Map or the Mutual Information Map if a feature subspace with a maximized
Conditional Mutual Information or Mutual Information was the goal.
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4.3 Global vs. Local Models

4.3.1 Bayesian Classifier

The Limited Dependence Classifier (see Section 3.3.6) is a Bayesian Classifier that builds its own Bayesian
Network. While building the Network, the Limited Dependence Classifier decides whether an arrow be-
tween two input variables X; and X, is reasonable or not by evaluating the Conditional Mutual Informa-
tion I(X1;X,|C). If I(X;;X,|C) is below a certain threshold, a connection between X; and X, is assumed
to be unnecessary. In Section 3.3.3 was shown that in a system with two inputs X; and X, an arrow
between X; and X, is unnecessary if X; and X, are conditional independent (I(X;;X,|C) = 0). For a
system with only two inputs, the structural difference between a Naive Bayesian Classifier and a Full
Bayesian Classifier is only the arrow between X; and X,.

In this experiment we want to test whether the Interaction Information is an alternative measure for the
requirement of an arrow between X; and X, in the Bayesian Network structure.

Dataset 3 from Section 4.1 has been used for the following experiments. The parameters fg,, and
frea>» Which are describing the the frequency of the samples in the Synergy and Redundancy part of
Dataset 3, have been replaced by the parameters s = fs,, and r = 4 fz.4. Consequently, for the case
r =s, Synergy and Redundancy compensate each other. For r > s the Interaction Information gets nega-
tive and for s > r it gets positive values.

Note that for fg,, = fr.q = 1 the dataset would have 16 samples that represent Synergy and only 4
samples that represent Redundancy. Hence, for a compensation fg.q =4 fs,, is required.

In order to produce different Interaction Information values, the ratio between r and s has been var-
ied. The values for different ratios have been generated in several ways to get a high resolution of values
in different areas of the Interaction Information between -2bit and 2bit.

Figure 48 shows the values that are generated for r = 1 and variations of s between 0 and 100. This
allows to collect many values about the area where the Interaction Information is greater zero, while the
area where it is negative is very small. In order to collect more values, where the Interaction Information
is negative, more values have been generated for r = 100 and a varied s between 0 and 100 as shown
in Figure 49. The same procedure was made with constant values of s = 1 and s = 100 and a varied r in
order to see whether the values can be produced in that way, too (see Figure 50 and 51).

By merging all values (accuracy, Interaction Information and Conditional Information) from the curves of
Figure 48 to 51 in one list, the values can be drawn for every given Interaction Information as shown
in Figure 52. Smooth and accurate curves in every area of the plot are the result of the merge of the
support points of the previous curves.

Discussion of the result

The difference between the Full Bayesian Classifier and Naive Bayesian Classifier of two input variables is
that a Full Bayesian Classifier models the interdependencies between X; and X,, while the Naive Bayesian
Classifier models X; and X, as conditional independent (I(X;;X,|C) = 0). Hence, if there is an informa-
tion in X; about C that is only useful while knowing X, the Naive Bayesian Classifier is not able to take
this synergetic information into account.

As shown in Figure 52 the Conditional Mutual Information I(X;;X,|C) measures indeed the require-
ment of an arrow connection between X; and X, because the accuracy of the Naive Bayesian Classifier
decreases with the increasing Conditional Mutual Information I(X;;X,|C) at first. However, at the end
of the curve, where Q(X;;X,;C) > 1.25, the Conditional Mutual Information I(X;;X,|C) is decreasing
again in spite of a still decreasing accuracy of the Naive Bayesian Classifier.

The Interaction Information Q(X;;X,;C) seems to be a better measure for the the requirement of an
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Figure 48: Classification accuracy of the Full and Naive Bayesian Classifier tested on training data. The training data
and the corresponding Interaction Information and Conditional Information vary with the parameter s.
The training data is Dataset 3 with the parameters s = f;,, and r = 4 fz,4, where r = 1 and s is varied.

arrow connection between X; and X, because the accuracy of the Naive Bayesian Classifier decreases
linearly with the increasing Interaction Information Q(X;;X,; C) across the complete range.

Hence, we can expect an slight improvement of the Limited Dependence Classifier if the Conditional Mu-
tual Information criterion is replaced by the Interaction Information criterion.

Apart from that, we can conclude that partitioning of the feature space into a subspace with a dominant
Synergy and another subspace with a dominant Redundancy is reasonable in order to use the simpler
Naive Bayesian Classifier in the Redundancy subspace and the more complex Full Bayesian Classifier in the
Synergy subspace.

However, the Full Bayesian Classifier has no generalization capability because it learns the probability
of every value combination of the training data, while it assumes that every value combination that is
not known from the training data is zero. The generalization capability of a Bayesian Classifier is acti-
vated if at least one arrow is removed from the Full Bayesian Network. The more arrows are removed
the better the generalization capability. Usually, the maximum removement of arrows leads to a Naive
Bayesian Classifier. In a feature space with only two dimensions the difference of the simplest and the
most complex network is only one arrow.

Because we are still working with a feature space of only two dimensions, we can not compare two local
Bayesian Classifiers of different complexities without being forced to use a Full Bayesian Classifier as one
of both local models. Consequently, no reasonable generalization experiment with test data that contain
different input value combinations than the training data can be performed.
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Figure 49: Classification accuracy of the Full and Naive Bayesian Classifier tested on training data. The training data
and the corresponding Interaction Information and Conditional Information vary with the parameter s.
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Figure 50: Classification accuracy of the Full and Naive Bayesian Classifier tested on training data. The training data
and the corresponding Interaction Information and Conditional Information vary with the parameter r.
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4.3.2 Multilayer Perceptron, Linear Perceptron, Classification Tree

The purpose of the feature space partitioning is to find a feature subspace where a local model that con-
siders interactions of two inputs is required and a second feature subspace where a simpler local model
with only one input is required. A simpler model is excepted to provide a improved generalization capa-
bility (see Section 3.3 for more details).

In this experiment a Linear Single-Layer Perceptron or Linear Perceptron (LP) and a Multilayer Perceptron
(MLP) are used as models (see Section 3.3.8 and 3.3.9 for details about the models).

The generalization capability of a global model is compared with the generalization capability of two
local models of different complexity on Dataset 2 (see Figure 32).

Global Model:

A global model means the common case, where one model is responsible for the whole feature space.
The models (LP and MLP) are used as they are usually used. Because the feature space of Dataset 2 has
two dimensions, the global models have two inputs.

Local Models:

The local models are responsible for different parts of the feature space. The feature space is partitioned
in two local feature subspaces and for every feature subspace one local model is responsible. The fea-
ture space of Dataset 2 was manually partitioned into Feature Subspace 1 (FSS1) a synergetic feature
subspace, where the inputs interact (see Figure 33), and Feature Subspace 2 (FSS2), where the inputs
do not interact and only one input is important (see Figure 34).

For the LP both local models are equal to the global model because the LP removes one input autonomous
while the training, hence, the model simplifies its structure while the training in FSS2. Because the train-
ing of the LP is not iterative, the training process is not harmed by the second input. In FSS1 both inputs
are required and the structure of the LP considers two inputs after the training.

In the MLP the second input (i.e. y) of the simpler local model, that corresponds to FSS2 was manually
removed before the training. The decision of a local feature selection is discussed in Section 3.2. The
local MLP model that corresponds to FSS1 has two inputs like the global model.

Comparison of the generalization capability

In order to compare the the generalization capabilities, learning curves of the models were determined
using the following steps:

1) The samples of Dataset 2 are shuffled.

2) The shuffled Dataset 2 are divided in K = 10 folds, where the number of data samples in every fold is
equal (40 samples per fold).

3) For every fold k =1, ...,K steps 3.2) and 3.3) are performed.

3.2) Fold k is defined as test data and the remaining folds as training data.

3.3) The model is trained with 14 different fractions of the training data. For every fraction the prediction
errors of the model on the test data are collected. The pairs of local models are treated as one model that
is responsible for the entire feature space, therefore, their errors are collected together. The root-mean-
square error (RMSE) is calculated for every fraction for the training data separately. The result is one
learning curve, with the % of used training data (fractions) on the x-axis and the RMSE on the y-axis.
Because the results of the MLP are influenced by a random initialization of its weights (parameters), 10
learning curves are determined per fold in order to get a more representative result.

4) The learning curves in the following Figures (e.g. Figure 57) are depicting the mean of the 100
learning curves and the corresponding standard deviation.

83



The RMSE is defined as

RMSE(e) = %Z(ei)z, e=(e;,..,e;)’, =03 —z)Vi=1,..,n (221)
i=1

where n is the number of samples in the test data, (24, ...,%,) are the output values that the model has
predicted for the input values from the test data and (2, ...,2,) are the correct output values from the
test data and (e, ..., e,) are the prediction errors.

Training of the models

The LP was exactly trained and implemented as discussed in Section 3.3.8.

For the MLP the python implementation of the pybrain package from http://www.pybrain.org/ [21] was
used. The training was performed using the backpropagation method. The structure and the learning
parameters were adjusted by trial and error to achieve the best results with the global MLP. The finally
used learning parameters are a learning rate of 0.001 and an iteration number of 200. The final model
structure for two inputs is shown in Figure 23. The structure for one input, which is used for the model
that is responsible for FSS2, is depicted in Figure 24.

Results for a feature space partitioning into a local Synergy and a local Non-Interaction

Results of the global and local LPs

In Figure 53 the learning curve of a global LP and the learning curve of a pair of local LPs are depicted.
Because the variables in Dataset 2 have the non-affine relation z = x + min(y, 10) a global LP is not
able to perform correct predictions on the entire feature space. The global LP model is fitted as good
as possible into the non-affine relation. However, if more than 10% of training data are available the
parameters have approximately achieved their best values (w; = 1,w, = 0.4624, w5 = 12.8947) and the
value of z is approximated using 2 =w, - x + wq - y + ws.

The non-affine relations in Dataset 2 are caused by a saturation of the influence of y. Due to the sat-
uration the interaction of X, Y and Z does not exist for y > 10. Hence, the partitioning of feature
space in the synergetic FSS1 and the non-interacting FSS2 leads to two feature subspaces, where no
saturation occurs and the relations of the variables are affine (linear with offset). In FSS1 the relation
is 2 = x + y + 10 and in FFS2 the relation is z = x 4+ 20. Therefore, the local LPs are fitting perfectly
into the data using the model 2 = w; - x + w, - y + w5 with the parameters (w; = 1,w, = 1,w3 = 10) in
FSS1 and the parameters (w; = 1,w, = 0,w3 = 20) in FSS2. As we can conclude from the parameter
w,, = 0 of the model in FSS2, the feature y is locally removed after the training of the local model. The
perfectly suitable local models are the reason why the learning curve of the local LP is constantly zero.
Only a few data samples of an affine feature subspace are required to determine the parameters of the
LP model because Dataset 2 is not noisy. However, if the data was noisy only a few more samples would
be required for learning very good parameters. In real datasets a saturation would not be that sharp but
the RMSE would nevertheless be small even if the relations of the variables are not perfectly affine. Even
the RMSE of the global model is good considering that the affine model is not suitable for the non-affine
relation.
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Figure 53: Learning curves of the Linear Perceptron on Dataset 2 using a global model and a pair of local models.
Each local model corresponds to one of the both feature subspaces (see Figure 33 and 33). The training
data is 90% of the entire data. The x-axis depicts the % of training data that was used to achieve the
RMSE values on the y-axis. The curve that connects the dots is the mean value of the achieved RMSE
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Figure 54: Learning curves of the Multilayer Perceptron on Dataset 2 using a global model and a pair of local
models. Each local model corresponds to one of the both feature subspaces (see Figure 33 and 33).
The training data is 90% of the entire data. The x-axis depicts the % of training data that was used
to achieve the RMSE values on the y-axis. The curve that connects the dots is the mean value of the
achieved RMSE values, while the brighter area in a similar color as the mean curve represents the
standard derivation.

Results of the global and local MLPs

In Figure 54 the learning curve of a global MLP and the learning curve of a pair of local MLPs are de-
picted. Because only the half of the training data corresponds to every feature subspace, on average the
local models obtain only the half number of available training samples. Therefore, the RMSE of the local
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models is higher than the RMSE of the global model if less than 11% of the training data is available.
Providing more than 11% of the training data the local MLPs achieve a smaller RMSE value due to a
improved generalization capability of the simpler local MLP in FSS2.

If the combination of the two local models is treated as one model the whole number of parameters is
higher than the number of parameters in the global model. Therefore, more training data samples are
required to fit the model correctly into the data.

We can conclude that a partitioning of the feature space and the use of two local models of different
complexity instead of a single global model can improve the generalization capability.

Results for a Decision Tree Classifier partitioning

In order to compare the previously used manual partitioning with a Decision Tree Classifier partitioning,
the previous experiments are repeated with a Decision Tree Classifier partitioning.

The Decision Tree Classifier is partitioning the feature space in order to continue the further classifica-
tion in a local feature subspace (see Section 3.3.10 for details). If the rest of the tree that corresponds to
the first feature subspace is considered as local submodel 1 and the rest of the tree that corresponds to
the second feature subspace is considered as local submodel 2, the approach is similar to our approach
which was previously used. However, the partitioning criterion is quite different. In our approach the
goal is to use two local models of different complexity by separating local Synergy from local Redundancy
or from local Non-Interaction. The Decision Tree Classifier aims at a partitioning where the complexity
of the relations in both feature subspaces is similar.

In Figure 55 the feature space partitioning of a Decision Tree Classifier for Dataset 2 is shown. For the
Decision Tree Classifier the python implementation of the sklearn package from http.//scikit-learn.org/
[15] was used. The used split criterion was the Information Gain, which led to the same result as the
default split criterion Gini Impurity. The maximum depth of the tree was set to 1. A higher maximum
depth does not influence the partitioning at the first branch. In contrast to the manual partitioning the
boundary is turned by 90 degrees. The blue area (x < 10) is the first feature subspace and the red area
(x > 10) is the second feature subspace. In contrast, the manual partitioning used a y value as boundary
with the feature subspaces (y < 10) and (y > 10).
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Figure 55: Partitioning of Dataset 2 using a Decision Tree Classifier with a maximum depth of 1. The Decision Tree
Classifier with a depth of 1 can only predict two different classes. For x < 10 the prediction is 2 = 21
(blue area) and for x > 10 the prediction is 2 = 31 (red area).
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In Figure 56 and 57 the learning curves of the global and local LPs and MLPs are depicted. They were
created in the same manner as the previous learning curves, but the Decision Tree Classifier feature space
partitioning from Figure 55 was used instead of the manual partitioning. Both local MLPs were used with
two inputs because both inputs are relevant in both local feature subspaces of the Decision Tree Classifier.

Results of the global and local LPs

In Figure 56 the learning curve of a global LP and the learning curve of a pair of local LPs are depicted.
Due to the circumstance that each local LP obtains only the half of the training data, the learning curve
has a much higher RMSE values than the learning curve of the global LP in the area where less than 10%
of the training data is available. For more than 20% of the training data, the learning curves are almost
equal. However, the mean of the RMSE values that correspond to the local LPs is always above the mean
of the RMSE values that correspond to the global LP

The results are worse than the previous results (Figure 53) because the relation of the values in the local
feature subspaces is 2 = x + min(y, 10), which is the same relation that the values have in the global
feature space. The LP models are not suitable for that non-affine relation. The global and local LPs
have a similar complexity and similar parameters because they try to fit into the same non-affine relation
z = x + min(y, 10). But the global model has obtained more training data samples, therefore, the mean
of the RMSE of the global model is always smaller.

2.5) e—e Global Linear Perceptron
e—e |ocal Linear Perceptron

RMSE on test data

10 20 30 40 50
% of training data

Figure 56: Learning curves of the Linear Perceptron on Dataset 2 using a global model and a pair of local models.
Each local model corresponds to one of the both feature subspaces (see Figure 55). The training data
is 90% of the entire data. The x-axis depicts the % of training data that was used to achieve the RMSE
values on the y-axis. The curve that connects the dots is the mean value of the achieved RMSE values,
while the brighter area in a similar color as the mean curve represents the standard derivation.

Results of the global and local MLPs

In Figure 57 the learning curve of a global MLP and the learning curve of a pair of local MLPs are
depicted. Due to the circumstance that each local MLP obtains only the half of the training data, the
learning curve is expected to have higher RMSE values than the learning curve of the global MLP The
expectation is approved where more than 4% of the training data is available. Only for 0% of the training
data the expectation is not approved, however, the behavior of the models is biased by a random initial-
ization in that area. The results are worse than the previous results (Figure 54) because the relation of
the values in the local feature subspaces is 2 = x + min(y, 10), which is the same relation that the values
have in the global feature space. Therefore, a simpler local MLP model could not be used due to the
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relevance of both inputs in all local feature subspaces.

The global and local MLPs have a similar complexity and similar parameters because they try to fit into
the same non-affine relation z = x + min(y, 10). But the global model has obtained more training data
samples, therefore, the mean of the RMSE of the global model is always smaller (irrespective of 0%
training data).

e—e Global Multilayer Perceptron
e—e |ocal Multilayer Perceptron

RMSE on test data

10 20 30 20 50
% of training data

Figure 57: Learning curves of the Multilayer Perceptron on Dataset 2 using a global model and a pair of local
models. Each local model corresponds to one of the both feature subspaces (see Figure 55). The
training data is 90% of the entire data. The x-axis depicts the % of training data that was used to
achieve the RMSE values on the y-axis. The curve that connects the dots is the mean value of the
achieved RMSE values, while the brighter area in a similar color as the mean curve represents the
standard derivation.

Conclusion

Comparing the results of both partitioning variants, the conclusion is that the generalization capability
can be improved by replacing a global model by two local models of different complexity that are respon-
sible for two feature subspaces where the relations are of different complexity, too. Using a Decision Tree
Classifier partitioning for that purpose does not allow that kind of improvement. A local model which
is reasonable for a synergetic feature subspace should have the same complexity as the global model,
while the reasonable model for the remaining feature subspace should be simpler. If that is the case,
the pair of local models has collectively more model parameters than the global model. The collective
complexity of the local models can be greater than complexity of the global model. However, the results
of the Decision Tree Classifier partitioning are demonstrating that not a higher complexity is the key for
a improved generalization capability, but a reasonable partitioning of the feature space that allows that
a simple local model is suitable for one of both feature subspaces.
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4.4 Feature space partitioning

4.4.1 Data partitioning of a simple dataset with boolean variables

In this section a very small dataset is partitioned under different conditions. For every subset the informa-
tion measures in particular the Interaction Information are determined. At first the dataset is partitioned
without conditions and every possible data sample subset pair is built. Afterwards the partitioning is
performed under the condition that all data samples, which have the same x-y-values have to be in the
same partition (feature space partitioning).

Data partitioning of a simple compensation dataset with boolean variables

The assumption that Synergy and Redundancy are local properties of the feature space leads to the idea
of partitioning the data into a Synergy partition and a Redundancy partition.

In the following experiments the data from the compensation example in Appendix A on page 110 is
partitioned under varied conditions.
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The main motivation of these experiments is the following question:
Can we separate the data from the compensation example into redundant and synergetic data?

Data partitioning without conditions

In this experiment the samples (rows) of the data are partitioned systematically into two partitions. Ev-
ery possible partitioning that can be created from the data is generated.

Considering N data samples, one bit for every sample which describes whether the sample is assigned to
the first or to the second partition allows to define a certain partitioning by N bits. N bits can describe
2N possible partitionings. If we also consider that every possible partitioning is described by two cases
where the partitions are swapped, there are 2~ partitionings remaining. Finally, the partitioning
where one partition is empty is removed and we have 2V =1 — 1 left.

To filter the interesting combinations the Interaction Information of both partitions (Q; and Q) is ob-
served.

Seaching for high Synergy and high Redundancy at the same time:
Partitioning where |Q; —Q,| reaches its maximum:
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Table 5: Data, Entropies and information from six samples of a NAND operation

| Entropy |

HX) H(Y) H(Z) H(X,Y) | HX,Z) | H(Y,Z) | HX,Y,Z)
8 8 1 1.0000 bit | 1.0000 bit | 0.9183 bit | 1.9183 bit | 1.4591 bit | 1.4591 bit | 1.9183 bit
0Oj1]1 | Information |
1 (1) (1) IX;Y) 1(X;Z) 1(v;z2) [IX,Y;2) [ I(X,Z;Y) | I(Y,Z;X) | QIX;Y;Z)
TT1 7o 0.0817 bit | 0.4591 bit | 0.4591 bit | 0.9183 bit | 0.5409 bit | 0.5409 bit | 0.0000 bit

Table 6: Data, Entropies and information from three samples of a NAND operation (partition 1)

| Entropy |
| Parti. 1 | H(x) H(Y) H(Z) HX,Y) | HX,Z) | H(Y,Z) | HX,Y,2)
[x [y z]|[0.9183bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit
0]0]1
olol1]] Information |
T110]|] IX;Y) | IX:2) | I(v;2) |IX,Y:Z) | IX,Z:Y) | I(Y,Z:X) | QX;Y.Z)
0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | -0.9183 bit

Table 7: Data, Entropies and information from three samples of a NAND operation (partition 2)

| Entropy |
| Parti. 2 | H(x) H(Y) H(Z) HX,Y) | HX,Z) | H(Y,Z) | HX,Y,Z)
| x |y | z]||0.9183 bit | 0.9183 bit | 0.9183 bit | 1.5850 bit | 1.5850 bit | 1.5850 bit | 1.5850 bit
1]0]1
1[1]0]] Information |
o1 1|] IC:Y) | IX;2) | I(Y;2) |IX,Y;2) | I(X,Z;Y) | I(Y,Z;X) | Q(X;Y;2)
0.2516 bit | 0.2516 bit | 0.2516 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.4150 bit

For this case a partitioning into Redundancy Q; = —0.9183 bit and Synergy Q, = 0.4150 bit could be

achieved (see Tables 5 - 7).

Note: This is also the partitioning where |Q; - Q,| reaches its maximum.

Searching for Synergy pairs or Redundancy pairs:
Partitioning where Q; - Q, reaches its maximum:
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Table 8: Data, Entropies and information from three samples of a NAND operation (partition 1)

| Entropy |
| Parti 1 |[ HX) H(Y) H(Z) | HX,Y) | HX,Z) | H(Y,Z) | HX,Y,Z)
| x|y | z|]|0.9183 bit | 0.9183 bit | 0.9183 bit | 1.5850 bit | 0.9183 bit | 1.5850 bit | 1.5850 bit
0/o0]1
0ol11]| Information |
1[1]0]] IX;Y) 1(X;2) 1(v;2) | I1(X,Y;2) | I(X,Z;Y) | 1(Y,Z;X) | QX;Y;2)
0.2516 bit | 0.9183 bit | 0.2516 bit | 0.9183 bit | 0.2516 bit | 0.9183 bit | -0.2516 bit

Table 9: Data, Entropies and information from three samples of a NAND operation (partition 2)

| Entropy |
| Parti. 2 |[ H(X) H(Y) H(Z) | HX,Y) | HX,Z) | H(Y,Z) | HX,Y,Z)
| x |y | z|]|0.9183 bit | 0.9183 bit | 0.9183 bit | 1.5850 bit | 1.5850 bit | 0.9183 bit | 1.5850 bit
1[0]1
0olo|1]| Information |
1[1[0]|] IX;Y) I(X;2) I(v;2) [IX,Y;2) | IX,Z;Y) | I(Y,Z;X) | QX;Y;2)
0.2516 bit | 0.2516 bit | 0.9183 bit | 0.9183 bit | 0.9183 bit | 0.2516 bit | -0.2516 bit

For this case a partitioning into a Redundancy pair Q; = —0.2516 bit and Q, = —0.2516 bit could be
achieved (see Tables 8, 9).

There are also other interesting partitionings which are leading to the following results:

Table 10: Results of further partitionings

| Interaction Information

| Q; Q, | sign combination |
-0.9183 bit | 0.4150 bit [-, +]
-0.2516 bit | -0.2516 bit [-, -]
0.0 bit 0.0 bit [0, 0]
0.0 bit | 0.3774 bit [0, +]
0.0 bit -1.0 bit [0, -]
0 0 [+, +]

If we look at Table 10, we can see that almost every sign combination is possible. The only missing
combination is a partitioning where we get a pair of Synergy partitions.

This experiment shows that we can manipulate the Interaction Information of data partitions by choosing
the partition assignment of the data samples.

The freedom of the sample assignment has to be constrained if we are interested in partitioning the
feature space into feature subspaces. All data samples which belong to the same input values or the
same location in the feature space have to be assigned to the same data partition. Therefore, it is not
allowed to have the sample (0,0,1) and (1,1,0) in both data partitions as it was the case in Table 8 and
9.

If x and y are discrete input values and g is a discrete output value of a system, the feature space consists
of all possible value combinations that x and y are able to describe.
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The following experiment performs the partitioning in the feature space.

Data partitioning with the condition that identical samples are in the same partition

In this experiment the samples (rows) of the data are partitioned systematically into two partitions. Ev-
ery possible feature space partitioning was generated.

Considering M groups of samples, where every sample of a group has to be assigned to the same parti-
tion, 2™~ — 1 partitionings are possible.
To filter the interesting combinations the Interaction Information of both partitions (Q; and Q,) is ob-

served.

Seaching for high Synergy and high Redundancy at the same time:

Partitioning where |Q; —Q,| reaches its maximum:

Table 11: Data, Entropies and information from two samples of a NAND operation (partition 1)

| Entropy |
H(X) . H(Y) . H(Z) . H(X,Y). H(X,Z). H(Y,Z). H(X,Y,Z)
1.0000 bit | 1.0000 bit | 0.0000 bit | 10000 bit | 10000 bit | 1.0000 bit | 1.0000 bit

0j1)1 | Information |
VO =@y [ 1) | 1v.2) [ IX.r:.2) | IX.ZY) | I(7.2.X) |QX.Y.2)
1.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 10000 bit | 1.0000 bit | 0.0000 bit

Table 12: Data, Entropies and information from four samples of a NAND operation (partition 2)

|
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[l i ) Ne]
el Ll k=l k=]

1
1
0
0

Entropy |
H(X) H(Y) H(Z) H(X,Y) H(X,Z) H(Y,Z) H(X,Y,Z)
1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit

| Information |
I(X;Y) I(X;2) I(Y;Z) IX,Y;2) | I(X,Z;Y) | I(Y,Z;X) | QIX;Y;2Z)
1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | 1.0000 bit | -1.0000 bit

Seaching for the highest synergy:
Partitioning where max{Q;,Q,} reaches its maximum:

Table 13: Data, Entropies and information from four samples of a NAND operation (partition 1)
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Entropy |
HX) H(Y) H(Z) HX.Y) | H(X,Z) | H(Y,Z) | HX,Y,Z)
0.8113 bit | 0.8113 bit | 1.0000 bit | 1.5000 bit | 1.5000 bit | 1.5000 bit | 1.5000 bit

| Information |
I(X;Y) I1(X;2) I(Y;Z) IX,Y;2) | I(X,Z;Y) | I(Y,Z;X) | Q(X;Y;2)
0.1226 bit | 0.3113 bit | 0.3113 bit | 1.0000 bit | 0.8113 bit | 0.8113 bit | 0.3774 bit
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Table 14: Data, Entropies and information from two samples of a NAND operation (partition 2)

| Entropy |
H(X) H(Y) H(Z) HX,Y) | H(X,Z) | H(Y,Z) | HX,Y,Z)
0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit

0]0]1 | Information |
0]0]1 I(X;Y) I1(X;7) I(Y;Z) IX,Y;2) | I(X,Z;Y) | I(Y,Z;X) | QIX;Y;Z)
0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit

Searching for Synergy pairs or Redundancy pairs:
Partitioning where Q; - Q, reaches its maximum:
Note: In all possible partitionings at least one partition has an Interaction Information value of zero. Hence,
there are no Synergy or Redundancy pairs.

Table 15: Data, Entropies and information from two samples of a NAND operation (partition 1)

| Entropy |
HX) HY) H(Z) HX,Y) | HX.Z) | H(Y.Z) | HX,Y.Z)
0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit

1j1jo | Information |
LIV =@y [ 1o | 1v.2) [ IXr.2) | IX.ZY) | I(V.2X) |QX.Y.2)
0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit

Table 16: Data, Entropies and information from four samples of a NAND operation (partition 2)

[Part. 2 |, Entropy l
HOX) | HY) | H@) [ HXY) | H(X2) | HY,Z) [HX.Y,2)
~ L% [0.8115 bit | 0.8115 bit | 0,000 bit | 1.5000 bit | 0.8113 bit | 08113 bit | 1.5000 bi
0j0]1 | Information |
(1’ é 1 IX.7) | IX.2) | I0.2) |IX.Y.2) | IX.2.7) | [V.2.X) | QX.V.2)

0.1226 bit | 0.0000 bit | 0.0000 bit | 0.0000 bit | 0.1226 bit | 0.1226 bit | 0.0000 bit

Table 17: Summary of sign combinations

Interaction Information

[ Q] Q, | sign combination |
0 ) [-, +]
0 0 [-, -]
0.0 bit 0.0 bit [0, 0]
0.0 bit | 0.3774 bit [0, +]
0.0 bit -1.0 bit [0, -]
) 0 [+, +]
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If we look at Table 17, we can see that all possible partitionings contain at least one partition which has
an Interaction Information value of zero.

This experiment as well as the previous experiment shows that we can manipulate the Interaction In-
formation of data partitions by choosing the partition assignment of the sample groups in the data.

Because of the conditions, there are less sign combinations. The open-ended question is whether or
not more sign combinations would be possible while keeping the conditions if the original data consisted
of more samples.

The most interesting result of this experiment is that we can get a partitioning which results in two par-
titions with the Interaction Information Q; = Obit and Q, = —1bit (see Table 11 and 12).

Both partitions describe extremely trivial variable relations:

The behavior that the first partition (Table 11) describes is:

“The output is always 1”.

Because Z is independent from X, Y and (X,Y ), we have a Non-Interaction case here.

And the behavior that the second partition (Table 12) describes is:

“The output is always x.” or likewise “The output is always y.”

Because the value z can be determined from the value x or the value y, we have a Redundancy case here.
Therefore, the Synergy was removed from the data by partitioning the feature space.

We can not conclude from this experiment that we can also remove the Synergy from more complex data
using a feature space partitioning, but it demonstrates that there is a potential for a variable relation
simplification by partitioning the feature space.

We also have to take into account that systems which have only two discrete output values z; = 0
and z, = 1 have a maximum entropy H(Z) = 1bit. By the assignment of every possible input value
combination to partition 1 or 2 we also respectively provide 1bit of information per possible input value
combination.

That is the reason why a partitioning itself can completely model the relation of the boolean variables
in the data. If all samples with the output value O are assigned to partition 1 and all samples with the
output value 1 are assigned to partition 2, we have two partitions with respectively a constant output
value z, therefore, Z is independent from X, Y and (X,Y) and both partitions can be dedicated to the
Non-Interaction case, where neither Synergy nor or Redundancy exists (see for example Table 15 and 16).

While this works perfectly for an output with only two possible output values (e.g. z; = 0, 2z, = 1),
we would usually not aim to get this kind of Non-Interaction partition because we can not get additional
information from the x and y values about the z value. Hence, if the output value can take more than
two values, we will need a dependency between the input and output variables to gather more than 1bit
of information about the output value z.

This can also be explained by the equation (41) on page 18. If the W is w; (partition 1) for samples
where z = 0 and w, (partition 2) for samples where z = 1, the remaining entropy

H(Z|W)=H(W,Z)—H(W)=0

is zero. Hence, the remaining uncertainty about Z is 0 after the assignment.

Due to the circumstance that the assignment of the samples to two different partitions can reduce the
entropy of Z by 1bit, remaining interdependencies between X, Y and Z become more important if
variables with higher entropies (H(X),H(Y),H(Z) > H(W)) are used, which are only slightly reduced
by the assignment W. That is the reason why the more complicated datasets from Section 4.1 are used
for further experiments.
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4.4.2 Partitioning of the feature space using the developed methods

In this experiment the feature space partitioning methods are tested on the datasets that are described
in Section 4.1. They are tested in their capability of finding a feature subspace with a maximum Inter-
action Information (maximum Synergy) and feature subspace with a minimum Interaction Information
(maximum Redundancy). As a baseline for the partitioning of the dataset the manual partitioning from
Section 4.1 is used.

The parameters of the methods were adjusted by trial and error in that way that they are best in
maximizing the Interaction Information in subspace 1 of Dataset 1. That decision were made for the
following reasons:

1) Dataset 1 contains four cases (Synergy, Redundancy, Non-Interaction and Compensation) and the
methods should be able to work well even if all of these cases exist in the data.

2) Maximizing the Synergy is more challenging in Dataset 1 than maximizing the Redundancy. The max-
imum pure Redundancy requires only 4 samples that are in different rows and columns of the feature
space (e.g. diagonal distributed), while the maximum Synergy requires a much specific selection of sam-
ples.

3) By using the same parameters for all datasets, we can test whether a method that was adjusted for
one dataset will also work well on another dataset.

The meaning of the parameters that are noted in the upper part of the pictures is summarized in the
following list:

Parameter overview of the feature space partitioning methods (see Section 3.2 for more details)

Method 1: Genetic Algorithm

u: Number of parents, which is equal to the size of the initial population and the number of offspring
A=U.

e = 1: Number of elitists

T = 300: Number of iterations

S = 1.4: Selection pressure

Npoine = 8: Number of random crossover points while the recombination

Pm = 0.01: Probability for every assignment bit in the offspring that it is inverted

Method 2: Gradient Descent

y = 0.1: Step size in an optimization step

sgn: yes: If yes then the gradient is used in a signum function.

Aw = 0.01: The change of every relaxed sector assignment for the approximation of the gradient using
the difference quotient

¢ = 2: Is a parameter of the penalty function that measures the constraint violations of the relaxed sector
assignments. ¢ > 1 allows a stronger weighted penalty for greater constraint violations.

¢, = 8: The higher c, the later the penalty function f, takes a significant effect in the optimization pro-
cess.

T = 11: Number of iterations

Method 3: Map Reinforcement

y = 10: Step size in an optimization step

Wyormmin = 0.01: Smallest value that occurs in W after the normalization of W .

N, = 10: Number of w-thresholds that are tested, before the values of w are quantized to O or 1.
T = 10: Number of iterations
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All results of Q; are summarized in Table 18. A comparison of visualized sector assignments are shown
in the following pictures, the complete collection of the separate pictures can be found in the Appendix
F. For every partitioning method one exemplary Figure that depicts the optimization process using curve
progressions is shown.

Results

In Figure 58 the partitioning results (sector assignments to feature subspace 1) of Dataset 1 are sum-
marized. The Figure depicts six partitioning results, where every of the three rows corresponds to one
partitioning method. Method 1 corresponds to row 1, Method 2 to row 2 and Method 3 to row 3. The
first column (on the left side) shows the results of the Interaction Information maximization in feature
subspace 1, while the second column (on the right side) shows the results of the Interaction Information
minimization in feature subspace 1. The feature subspace 1 consists of the sectors that are colored in
magenta. Hence, the areas in magenta on the left side are dominated by Synergy and the areas in ma-
genta on the right side are dominated by Redundancy. In the Appendix F the Figures from the sector
assignment comparison are collected separately and contain additional information.

Equivalent summaries of the sector assignments were created for Dataset 2 (see Figure 59) and Dataset
3 (see Figure 60).

Note: Dataset 2 has much more data sample positions in the feature space than Dataset 1 and 3. In order to
reduce the computation time, the sector size 2x2 were chosen.
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Figure 58: Comparison of the sector assignments for Dataset 1, where the feature spaces on the left side show the
results of the Interaction Information maximization in feature subspace 1 and the feature spaces on the
right side correspond to the Interaction Information minimization in feature subspace 1. The sectors
that were assigned to feature subspace 1 are colored magenta. The results of Method 1 are shown in
the first row and the results of Method 2 are placed in the second row, while the result in the third row
corresponds to Method 3.
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Figure 59: Comparison of the sector assignments for Dataset 2, where the feature spaces on the left side show the
results of the Interaction Information maximization in feature subspace 1 and the feature spaces on the
right side correspond to the Interaction Information minimization in feature subspace 1. The sectors
that were assigned to feature subspace 1 are colored magenta. The results of Method 1 are shown in
the first row and the results of Method 2 are placed in the second row, while the result in the third row
corresponds to Method 3.
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Figure 60: Comparison of the sector assignments for Dataset 3, where the feature spaces on the left side show the
results of the Interaction Information maximization in feature subspace 1 and the feature spaces on the
right side correspond to the Interaction Information minimization in feature subspace 1. The sectors
that were assigned to feature subspace 1 are colored magenta. The results of Method 1 are shown in
the first row and the results of Method 2 are placed in the second row, while the result in the third row
corresponds to Method 3.
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The following curves are showing the maximization process of Q,(t) for every method on Dataset 1.

In Figure 61 the curve progression of the maximum Q,(t) that corresponds to the best individual in the
population of iteration t using Method 1 is depicted. Because of the elitism (e = 1), the curve stays
constant or grows. The maximum value is already achieved at t ~ 150. However, the results of Method
1 vary from run to run and a higher number of iterations can not degrade the result. Therefore, T = 300
was chosen as maximum number of iterations.
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Figure 61: Curve of the optimization process of Dataset 1 using Method 1 to maximize Q;, which shows the highest
value of Q; for every iteration (or generation).

In Figure 62 four curves of the optimization process using Method 2 in dependency of the current number
of iterations t are depicted. The black curve shows the value of Q;(t) in every iteration t for relaxed sec-
tor assignments. The value Q(t) that corresponds to the relaxed sector assignments exceeds the value
1bit at the end, while the final value after the assignment quantization is smaller (Q; = 0.8908bit).
The blue curve shows the penalty function f,(t) for every iteration, which is a measure for constraint
violation. At the beginning the constraint of a definite sector assignments is violated at most because all
sector assignments are initialized with 0.5, which means that every sector corresponds equally to feature
subspace 1 and feature subspace 0. While the optimization the penalty function f,(t) falls continuously
and is finally smaller than 0.1, while Q,(t) keeps growing in spite of taking the constraints into account
more and more. The green curve shows the negated cost function Q;(t) - (1 —r(t)- f,(t)) which is the
actual value that is maximized by the method, while considering Q,(t) and the constraint violation at
the same time. However, the constraint violations have no significant influence in the area t < 8 due to
the parameter ¢, = 8, which causes a late increase of r(t) that weights the influence of penalty function
f,(t) in the cost function.

The red curve shows for every iteration the factor (1—r(t)- f,(t)) which has to be multiplied with Q; to
create the negated cost function. For t > 8 the factor starts to fall significantly below 1, which decreases
the negated cost function, while Q,(t) keeps growing slowly.

In Figure 63 the curve of Q,(t) during the optimization process using Method 3 in dependency of the
current number of iterations ¢ is depicted. The growing value Q,(t) which is calculated for relaxed sector
assignments exceeds the value 1bit, while the final value after the assignment quantization is smaller
(Q, = 0.9718bit).
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Figure 62: Curves of the optimization process of Dataset 1 using Method 2 to maximize Q;, where the black curve
shows the value of Q; in every iteration. The blue curve shows the penalty function for every iteration,
which is a measure for constraint violation. The green curve shows the negated cost function that is
maximized by the method, while considering Q; and the constraint violation at the same time. The red
curve shows for every iteration the factor which has to be multiplied with Q to create the negated cost
function.

Note: The value Q, which is calculated for relaxed sector assignments exceeds the value 1bit, while the
final value after the assignment quantization is smaller (Q; = 0.8908bit).
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Figure 63: Curve of the optimization process of Dataset 1 using Method 3 to maximize Q,, which shows the value
of Q, in every iteration.
Note: The value Q; which is calculated for relaxed sector assignments exceeds the value 1bit, while the
final value after the assignment quantization is smaller (Q; = 0.9718bit).
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Summary of the results

The results of Q; of all dataset, method and goal combinations are summarized in Table 18. The values
of Q, from the manual partitioning in Section 4.1 were added as a baseline.

Table 18: Summary of the feature space partitioning results
Results |

|
| | Method1 | Method 2 | Method3 | Manual |
|

Dataset Goal | Q; | Q; | Q | Q; |

1 maximize Q; | 0.9222 bit | 0.8908 bit | 0.9718 bit | 0.9222 bit
maximize Q; | 2.9503 bit | 2.8995 bit | 2.9900 bit | 2.9676 bit
maximize Q; | 2.0000 bit | 2.0000 bit | 2.0000 bit | 2.0000 bit

minimize Q; | -2.0000 bit | -1.8843 bit | -1.8586 bit | -2.0000 bit
minimize Q; | -2.5408 bit | -0.1040 bit | -0.1402 bit | 0.0000 bit
minimize Q; | -2.0000 bit | -2.0000 bit | -2.0000 bit | -2.0000 bit

W Nl w] DN

Discussion of the results

As shown in Table 18 all tested methods produce similar results at maximizing Q, on Dataset 1. Method
3 provides an even higher value than the manual partitioning. In Figure 58 on the left side the results
for Method 1 (top), Method 2 (middle) and Method 3 (bottom) are shown. The feature subspace of
Method 3 with the best result consists of four unconnected parts. Using a larger sector size e.g. 2x2
would produce a subspace of connected sectors, which is the result of Method 1. On larger datasets,
where larger sectors sizes are recommended, the isolated assignment of single data samples would not
longer occur. Because Method 1 is a genetic algorithm, the new results are produced by a recombination
of previous results. All good results contain samples that are in the area 1 < x < 4 there are not much
results possible that allow a higher value than the value Q; of Method 1. Hence, the most results in the
population are similar, with slight differences. However, removing single sectors as shown in Method 2
leads to a smaller value of Q;, although the same sectors (x = y = 1, x = y = 3) that are removed
in Method 2 are also removed in Method 3. For the result of Method 3 the half of 16 sectors has to be
removed in order to reach a very unique and better result than Method 1.

In contrast to Method 1, Method 2 and 3 are converging very fast, therefore, they converge to a local
optimum. Early optimization steps strongly influence the final result. For example, Method 2 was not
able to pick up the two sectors at x = y = 1 and x = y = 3 because they are not useful at the begin-
ning. In the Interaction Information Map (see Figure 45 on page 76) those two sectors at x =y = 1
and x = y = 3 are negative shares of the Interaction Information. If only the subspace 1 < x < 4 is
considered then those shares are zero, but taking them into account increases the remaining shares,
therefore, the result of Method 1 is better than the result of Method 2, although the result of Method 1
is comprehensible. The result of Method 3 is that different because it does not take the constraint of a
definite sector assignment into account (no penalty function) and at the end this disadvantage is reduced
by testing several thresholds for the assignment and the best threshold is used. A high threshold is the
reason for the small number of sectors that are colored in magenta.

If we take a short look into the appendix (Figures 70, 72, 74) we can see that the Redundancy of the
remaining sectors (Q, = —0.4450bit) for Method 1 is the highest. Of course Q, was not considered
while the optimization, however, the result of Method 1 is the best result from the three methods for a
feature space partitioning with two local models of different complexity.

At minimizing Q, on Dataset 1 the results of all methods are similar, too (see Table 18). But Method 1 is
the only one that achieves the same value as the manual partitioning. In Figure 58 on the right side the
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results for Method 1 (top), Method 2 (middle) and Method 3 (bottom) are shown. Non of the methods
found the simple result of the manual partitioning, which is simply the area (5 < x < 8) that consists of
only four sectors. However, Method 1 found a result with the same value of Q; = —2bit. The results of
all methods consist of diagonal and horizontal sector chains. In the area (1 < x < 7) the partitioning of
Method 1 and 3 is identical, while Method 2 has missed the sector at position (x =4, y = 2). In the area
(5 £ x £12) the result of Method 2 and 3 is equal, while Method 1 did not take the sectors at x = 8,
x = 9 and x = 12. In the area (13 < x < 16) the results of all methods are different. Method 1 has
a diagonal chain and Method 2 a horizontal chain of sectors, while Method 3 did not take sectors from
that area.

If the goal is to minimize Q,, we are interested in diagonal chains rather than in horizontal chains. A
pure Redundancy requires that all three variables contain the same information, which is only possible
with diagonal chains. A horizontal chain e.g. in area (8 < x < 12) is rather a Non-Interaction because
two variables contain the same information (Z and X) and Y contains no information about X and Z.
Therefore, it is obvious that Method 1 achieved the best result of the Redundancy search because it has
the largest number of diagonal sector chains.

If we observe the Interaction Information Map again (Figure 45 on page 76), we can see that the shares of
the Interaction Information are negative in the horizontal chain (9 < x < 12) if the whole feature space
is taken into account. Method 2 and 3 have reinforced that area at the beginning of the optimization
and have kept it until the end.

At maximizing Q; on Dataset 2 the results of all methods are similar (see Table 18). But Method 3
is again the only method that achieves a higher value of Q; than the manual partitioning. In Figure 59
on the left side the results for Method 1 (top), Method 2 (middle) and Method 3 (bottom) are shown.
As we can see the sector size is 2x2 for Dataset 2. The sector assignment of Method 3 is very simi-
lar to the sector assignment of the manual partitioning, where the feature subspace is simply the area
(1 £ y £10). But Method 3 removed two more sectors (at x = y = 1 and x = y = 10) to achieve an
even better result. If we remember the Interaction Information Map see Figure 46 on page 76, we can
see that already the unpartitioned feature space has a diagonal shape of the most synergetic positions
labeled with "+ +". This shape is even more noticeable in the result of Method 2, where Q; is smaller
than in the simple manual partitioning. Although Method 3 is using the Interaction Information Map
while the optimization, the implemented threshold tests find a reasonable threshold and avoids a more
diagonal shape by making the decision to keep even those sectors that are less synergetic using a smaller
threshold. Method 1 was able to find almost the same result as Method 3, but the removed sector is
at (x =3, y = 1) instead of (x = 1, y = 1). Because of the random components (e. g. mutation) in
Method 1 the result of Method 3 could also be a result of Method 1. Due to the Non-Interaction in the
area 11 < y < 20, no method has used sectors from that area to create a synergetic subspace.

At minimizing Q; on Dataset 2 the results of all methods exceptionally not similar (see Table 18).
Method 2 and 3 found results near zero because Dataset 2 was intended to have a Synergy part and
Non-Interaction part, but no Redundancy part as shown in the manual partitioning in Section 4.1. In
contrast, Method 1 found a features subspace with an outstanding small value of Q;. In Figure 59 on
the right side the results for Method 1 (top), Method 2 (middle) and Method 3 (bottom) are shown.
The magenta sectors of Method 1 are distributed across the entire feature space and do not form a con-
nected area. This is a very good result with respect to the goal. Dataset 2 was not intended to contain a
Redundancy and the baseline value was zero. However, there is no particular large area where the vari-
able relations are redundant. Method 1 creates the Redundancy itself by picking particular sectors from
the whole feature space. The sector distribution has a slightly diagonal shape, which allows to create
the Redundancy. This kind of result leads to the smallest Synergy in the remaining feature subspace 0
(Qp =2.0042bit) comparing the three methods (see Figures 77, 79 and 81 in the appendix). Therefore,
it is not the best result in order to use two local models of different complexity, a larger sector size or an
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alternative goal (optimization criterion), would avoid that behavior.

The partitioning results of Method 2 and 3 are almost the opposite of the result from the Q; maximiza-
tion. If we look at Interaction Information Map (see Figure 46 on page 76), we can observe that there is
no negative Interaction Information share on the map. Hence, the search for a Redundancy was started
in the areas, where the shares are the smallest, which includes the Non-Interaction area. In contrast
to Method 1, Method 2 and 3 are treating sectors equally in the current optimization step if they have
currently the same influence on Q;. Consequently, they would not remove particular sectors from an
area with homogenous Interaction Information shares.

On Dataset 3 the Q; results of all methods are exactly the same as the Q; results of the manual
partitioning (see Table 18). In Figure 60 six partitioning results are shown. The results of the Q;
maximization goal are on the left side of the figure and the results of the Q; minimization goal are on
the right side of the figure. The results for Method 1 are on top, the results of Method 2 in the middle and
the results of Method 3 at the bottom of the figure. Almost all methods are partitioning the feature space
in a pure Synergy subspace (1 < x < 4,1 < y < 4) and a pure Redundancy subspace (5 < x =y < 8)
in the same manner as the manual partitioning from Section 4.1. The only exception can be observed in
the result of Method 1 at minimizing Q,, where an alternative result, with the same value Q, = —2bit
as in the other methods, is shown. The sectors are forming a diagonal chain in the Synergy subspace.
In Dataset 3 the samples in the Redundancy subspace (5 < x = y < 8) have a frequency of 4, while the
samples in the Synergy subspace (1 < x < 4,1 < y < 4) have a frequency of 1 (see also Figure 36 on
page 68). Thus, the four samples at position x = y =5 and z = 1 can be replaced by four samples at the
positions x = y = 1,...,4 and z = 1. The entropy H(Z) = 2bit does not change because all z values on
the new diagonal chain are 1. The entropy limits the Interaction Information |Q,| < H(Z). However, the
result of Method 1 in feature subspace 0 (Q, = 0.3774bit) is much smaller than the result of the other
methods (Q, = 2bit) (see Figures 83, 85 and 87 in the appendix). Therefore, the alternative result is
less reasonable for using local models of different complexity. It is probable that the result of the other
methods was also contained in the final population of Method 1, however, an arbitrary result from the
set of best results in the population is chosen as final result.

For Method 1 and 2 the results are rather comprehensible due to the special properties of Dataset 3. In
the Interaction Information Map (see Figure 47 on page 77) we can see that at the beginning the Interac-
tion Information shares are positive and equal in the Synergy subspace (1 < x < 4,1 < y <4), while the
shares are negative and equal in the Redundancy subspace (5 < x = y < 8). Hence, the relaxed sector
assignments would be pushed in the correct direction in the first optimization step. The final result can
already be found using only one iteration. If more than one iteration is used the assignment becomes
clearer, but the optimization steps of the weights will not change their direction. For example, if the
subspace with the maximum Synergy is the goal, the assignment weights that correspond to the sectors
of the Synergy subspace (1 < x <4,1 < y <4) are increased towards 1 and the assignment weights that
correspond to the sectors in the Redundancy subspace (5 < x = y < 8) are decreased towards 0.

Summary of the discussion

All methods were able to achieve good results which were in the most cases similar to the manual par-
titioning results that were used as a baseline. Method 3 was always slightly better than Method 2 with
respect to the goal, while the partitioning of both methods looks similar. Method 1 was in all cases
the best at maximizing Q;, while Method 1 was always the best in minimizing Q,. The best results at
maximizing or minimizing Q, do not necessarily lead to the best partitioning for using two local models
of different complexity. In order to find a result that is most suitable, additional measures can be built
into the optimization criterion (see Section 3.2 for more details). If a fast method is required Method 3
is the best choice because it is the fastest of the methods. If the partitioning is done only once and much
time is available, Method 1 with a high number of iterations can be used. If the result of Method 1 is
finally available, it might be a good idea to compare the result with the result from Method 3 at the end.
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5 Conclusion

By utilizing and extending the concept of Interaction Information, methods were developed that are able
to partition the feature space by evaluating the Interaction Information in two-dimensional feature sub-
spaces. The partitioning aims to separate one feature subspace, where a Synergy between the variables
is dominating, from the remaining feature space, where usually a Redundancy between the variables is
dominating.

Furthermore, Information Maps were introduced, which can be used as a visualization technique that
decomposes information measures in local shares. The visualization can be used to understand the local
and global dependencies and interactions of variables.

It was shown that the global relevance of a feature in the entire feature space differs from the relevance
of the feature in certain feature subspaces. Hence, the relevance of a feature can be different at different
locations in the feature space. Ignoring that circumstance, global feature selection methods evaluate the
average relevance of features across the whole feature space. The partitioning allows to take advantage
of the better generalization capabilities in areas where less features are relevant, while all features can
be considered in areas where more features, especially for synergetic effects, are needed. If synergetic
areas in the feature space are small compared to areas that are not synergetic, the overall Synergy could
be removed by global feature selection techniques. That can be avoided by separating synergetic areas
from the rest of the feature space. An overall improved prediction can be achieved depending on the
Interaction Information in the feature subspaces. As soon as a partitioning of the feature space was deter-
mined, the local feature selection can either be applied by the prediction model if it is capable to do that
(e.g. linear perceptron) or the features can be removed using the rules based on information measures
(see Section 3.2).

6 Outlook

Because the quantification of Redundancy and Synergy using the Interaction Information is restricted to
three variables, the partitioning as described in Section 3.2 is not designed for datasets of higher dimen-
sionality. In order to use the methods for higher dimensions of data, the partitioning could be performed
for every possible pair of features and the output variable to produce a partitioning for each feature pair.
The partitioning results could be evaluated by their feature relevance contrast between the first and the
second feature subspace. The pair with the most promising partitioning can be used to partition the
high dimensional feature space into two subspaces. However, this approach would at most remove one
feature in a feature subspace, while there could be more than one locally irrelevant feature in the high
dimensional data.

Another approach could be to decompose the feature space with Ny > 2 dimensions in high dimen-
sional sectors and find a subspace where the sum of all pairwise Interaction Information is small
Zi<j Q(X;;X;;Y), 1,j € {1,...,Ns}, and another feature subspace where the sum is large. In the sub-
space where the sum is small a feature selection is expected to be reasonable if no interaction of higher
order exists.

There are also relatively unusual approaches to decompose the Multivariate Information in nonnegative
measures which are based on a new definition of Redundancy [24]. If Redundancy and Synergy can be
measured locally for higher dimensions, the same methods that were used for the partitioning using the
Interaction Information could be used for an alternative measure that handles higher dimensions in a
similar way. However, the number of sector assignment combinations increases exponentially with the
number of dimensions in the feature space.

Furthermore, the criterion of the partitioning could be used as a criterion for an imbalanced decision
tree, that separates local Redundancy and Synergy at the branches.
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A Interaction Information: Examples

Interaction Information

In this section the Interaction Information the manual calculation is illustrated for four small datasets,
which are examples for Synergy, Redundancy, Non-Interaction and Compensation.

For the calculation of Q(X;Y;Z) = HX,Y)+ H(X,Z)+ H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y,Z)
several entropies have to be calculated. Therefore probability distributions of the variables and the joint
variables are needed. Thus, they will be approximated by using the given data because they are usually
unknown.

Assuming the given data consists of N samples and every sample is an observed combination of the dis-
crete values that the three random variables X, Y, Z can take (x;, y;, %), the probability distributions can
be estimated as follows:

PO o) (222
PO S i) (223

p(z) ~]%fo(zk) (224)
POy Sl 7)) (225)
P, )~ 06 50) (226
P05 Aol 50) (227)
p(x;, ), 2k) ~]%fo(xi,yj,zk) (228)

Vie{l,..,n}, je{l,..,m}, ke{l,...,q}

where n is the number of discrete values that X can take, m the number of discrete values that Y can take
and q the number of discrete values that Z can take. f,(v) is the frequency of occurrence of a discrete
value or value combination v in the data.

For the calculation of the entropies we assume that the estimation of the probabilities is correct (replac-
ing “N” by “:“).

Synergy

N
Il
=
@
<

N=4
oflo]o x,=0,x,=1
o[1]1 y1=0,y,=1
1101 2, =0,2,=1
1[1]0
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Calculation:

pCe) = fu(r) = 32 =

—

1
2
1 1

p(xy) = ﬁfo(XZ) = 22 =3
H(X) =—p(x;)-logy(p(x;1)) —p(x3) - loga(p(x3))

1 1 1 1 1 .
-5 log, (5) -5 log, (5) =—log, (E) =log,(2) =1bit

1 1 1
P(}’1):ﬁfo(}’1)zz :E
1 1 1
p(y2) = ﬁfo(y2) = 22 =3

H(Y)=—p(y1) - log2(p(y1)) — p(¥2) - loga(p(y2))
= —% -log, (%) - % -log, (%) =—log, (%) =1log,(2) =1bit

P =) =22 =3
P =) = 2=
H(Z)=—p(z1) - logy(p(z1)) — p(22) - logy(p(22))

1 1 1 1 1 .
== log, (E) -3 log, (E) =—log, (E) =log,(2) = 1bit

p(x1, 1) = %fo(xl,yl) =

p(x1,¥2) = %fo(xl,yz) =

p(x2)y1) = %fo(xzayl) =

N N T

1
p(xs, yo) = ﬁfo(xzd’z) = 2

H(X,Y)=—p(x1,y1) - loga(p(x1,y1)) — p(x1, y2) - logs(p(xy, ¥2))
—P(Xz: yl) : lng(p(Xz, yl)) _p(x21 )’2) : logz(P(xz: }’2))

1 1 .

PO, 21) = 1 fol1,) =
PO, 22) =~ fy(1,5) =
POy 21) =~ fy (0 51) =

P 22) =~ fy (2, 2) =
H(X,Z)=H(X,Y)=2bi

D N B N I N R N
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1 1
p(y1,21) = ﬁfo(ylazl) = Z
1 1
p(y1,20) = ﬁfo(.ylazz) = Z
1 1
p(y2,21) = Nfo(}’z,ﬁ) = Z
1 1
P(¥2,20) = ﬁfo(yZ:ZZ) = Z

H(Y,Z)=H(X,Y) = 2bit

1

p(x1: yl’zl) = Nfo(xlﬁ }’1,21) =
1

p(x1,¥2,%2) = Nfo(xlﬁyZ’ZZ) =

1
p(XZJ yl)‘ZZ) = Nfo(XZ) yl:ZZ) =

i S i S e

1
p(x2,¥2,21) = Nfo(xz,)’z,zﬂ =
H(X,Y,Z)=H(X,Y)=2bit

Q(X;Y;Z)=H(X,Y)+H(X,Z)+H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y, Z) = 6bit—5bit = 1bit > Obit

Note: The probabilities of events (value combinations) which are not observed in the data are con-
sidered as zero (e.g. p(xs, ¥2,%,) = 0). Impossible events (p = 0) do not affect the entropy.

Redundancy

w=3

- X1 = 0, Xo = 1
1 0 0 Y1 = O’yZ =1
01111 2, =0,2,=1
Calculation:
1 1
p(x;) = Nfo(xl) = 5
1 1
p(xy) = Nfo(xz) = 5

H(X)=—p(x;) loga(p(x1)) —p(x3) - logy(p(x3))

1 1 1 1 1 .
= —5 . logz (E) — 5 . logz (E) = _1082 (E) = log2(2) = 1bit
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PO = ) =3
1 1
p(y2) = foly2) =7

H(Y)=—p(y1) - loga(p(y1)) —p(¥2) - loga(p(¥2))
= —% -log, (%) — % -log, (%) =—log, (%) =log,(2) =1bit

P = o) =
1 1
p(z) = Nfo(zz) =3

H(Z) = —p(z1) - logs(p(z1)) — p(22) - logs(p(2,))

1 1 1 1 1 .
= —5 . logz (5) —_ 5 . logz (E) = _1082 (5) = lOgZ(Z) = 1bit

1 1
p(xo, y1) = Nfo(xzyyl) = E
1 1
plxy,y2) = Nfo(xl:yZ) = 5

H(X,Y)=—p(xs, ¥1) - loga(p(x2, ¥1)) — p(x1, ¥2) - loga(p(x1, ¥2))

1 1 .
= —25 -log, (5) =log,(2) =1bit

PO 2) = o foe ) =

PO, 22) =~ fy(1,2) =
H(X,Z)=H(X,Y) = 1bi

1

2

1

2

t
1

p(y1,21) = ﬁfo(ylﬁzl) =

p(¥2,2) = %fo(beZ) =

1
2
1
2
H(Y,Z)=H(X,Y) = 1bit

1
p(x1,Y2,25) = Nfo(xl,.)’z,zz) =

NI~ DN

1
p(XZJ.ylyzl) = Nfo(XZ’yl’zl) =
H(X,Y,Z)=H(X,Y)=1bit

QX;Y;2)=H(X,Y)+H(X,Z)+H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y, Z) = 3bit —4bit = Obit < 0
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Non-Interaction

X is independent from Y, Z and also from the combination of Y and Z.

N=4
olol1 x;=0,x=1
0(1|0 ¥Y1=0,y,=1
1101 2, =0,2,=1
11110

Calculation:

1 1

p(x;) = fo(xl) Z 5

1 1 1
p(xy) = Nfo(xz) =2= 5

H(X)=—p(x1)- lng(P(xl)) —p(x3) - loga(p(xy))

1 1 1 1 1 .
=—3 log, (5) —3 log, (5) =—log, (E) =log,(2) = 1bit

PO = Al =325
pOn) = Al =32 =5

H(Y)=—p(y1)" logz(p(yl)) —p(y2) - loga(p(y2))
_ _% log, (%) _ % log, (%) — _log, (%) = log,(2) = 1bit

p(z1) = ;Ifo(zl) % %
p(z) = ;Ifo(zz) 12 = %

H(Z)=—p(z)" lng(P(Zl)) —p(25) - log,(p(2,))
= —% -log, (%) —% -log, (%) =—log, (%) =log,(2) = 1bit

1 1
plxy, y1) = Nfo(xl:yl) = Z
1 1
plxy,y,) = Nfo(xl:yZ) = Z
1 1
p(xy, y1) = Nfo(xb.yl) = Z
1 1
p(xs, y5) = Nfo(xz,h) = Z
1 1
HX,Y)= _4Z -logy (Z) =log,(4) = 2bit
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1 1
p(xq,25) = ﬁfo(xlazz) = Z
1 1
plxy,21) = ﬁfo(xlazl) = Z
1 1
p(xs,2,) = ﬁfo(xbzz) = Z
1 1
p(xy,21) = ﬁfo(xbzl) = Z

H(X,Z)=H(X,Y)=2bit

1 1 1
p(y1,2) = ﬁfo(yl,zz) = ZZ = 3
1 1 1
P(}’z:zl) = _fo(.y2>21) =2—= 5

N 4
1 1 1 1 1 .
H(Y,Z)= 5 log, (E) -5 log, (5) =—log, (E) =log,(2) =1bit

1

p(x1,y1,%2) = Nfo(xlnybzl) =
1

p(x1,¥2,21) = Nfo(xliy%zZ) =

1
(X2, ¥1,%2) = Nfo(xbyl?ZZ) =

it S i N e N

1
P(x9,¥2,%1) = Nfo(xz:J’z:Zl) =
H(X,Y,Z)=H(X,Y)=2bit

QX;Y;Z)=H(X,Y)+H(X,Z)+H(Y,Z)—H(X)—H(Y)—H(Z)—H(X,Y,Z) = 5bit — 5bit = Obit
Alternatively the Interaction Information can be calculated utilising the independence of X :

I(Y,Z;X)=1(Y;X)=1(Z;X) = 0bit
QX;Y;2)=1X,Y;Z)—-[IX; Z2)+ I(Y;Z2)] = I(Y, Z; X) — [I(X; V) + I[(X; Z) ]
1(Y,Z;X)=H(Y,Z)+H(X)—H(X,Y,Z) = 1bit + 1bit — 2bit = Obit
I(X;Z)=HX)+H(Z)—H(X,Z)=1bit + 1bit — 2bit = Obit
IX;Y)=HX)+H(Y)—H(X,Y)=1bit + 1bit — 2bit = Obit

QX;Y;2)=1(Y,Z;X)—[I(Y;X)+I(Z;X)] = Obit —[0bit + 0bit] = Obit

110



Compensation

Table 19: Data and the corresponding entropies and information

EEEa) Etropy |
Z2=X"

J HX) H(Y) H(Z) HX,Y) | H(X,Z) | H(Y,Z) | HX,Y,Z)
1.0000 bit | 1.0000 bit | 0.8113 bit | 2.0000 bit | 1.5000 bit | 1.5000 bit | 2.0000 bit
01011

0|1]1 | Information |
} 2 é TI0GY) | 10G2) | 100:2) | IX,Y;52) | IX,Z;Y) | 1Y, Z:X) | QUG Y5 Z) |

| 0.0000 bit | 0.3113 bit | 0.3113 bit | 0.8113 bit | 0.5000 bit | 0.5000 bit | 0.1887 bit |

The NAND Operation usually contains a slight Synergy because the information about Z is only complete
if the information of X and Y in combination is known. However, the information about Z which X and
Y contain separately is not zero. If you assume that z = X or z = y, you will predict z correctly in 3
of 4 cases. In 2 of 4 samples x and y are the same (x = y). If these samples are duplicated, x and y
are the equal in 4 of 6 samples. Thus the Redundancy in the data increases slightly and compensates the

Synergy.

Hence, it is important to know that the Interaction Information also takes into account how often a sam-
ple in a dataset exists. If a blackbox system is observed and the output for every possible input is checked,
the data usually will not contain information about the frequency of occurrence of a specific input.

G

I
-
ok

0101 N=6
0lo/l1 x;=0,x,=1
O(1|1 Y1=0,y,=1
1{0]1 2] = O,Zz =1
11110
110
Calculation:
1 1 1
= — = —3 fr—
p(x7) NfO(Xl) 5 5
1 1 1
p(xy) = Nfo(xz) = 63 =3

H(X) =—p(x1)-loga(p(x1)) — p(xs) - loga(p(x2))

1 1 1 1 1 )
=—3 log, (E) —5 log, (E) =—log, (5) =log,(2) = 1bit

PO = f,0n) = 23=2
1 1 1
p(2)=folys)=23=7

H(Y)=—p(y1) - loga(p(y1)) —p(¥2) - loga(p(y2))

1 1 1 1 1 )
=—3 log, (E) -3 log, (E) =—log, (E) =log,(2) = 1bit

m



P = o ha)=32=3
pe) = () = g4 =2
H(Z) = —p(21) - log>(p(21)) — p(22) - l0g,(p(25))
= —% -log, (%) - % -log, (%) ~ 0.9182bit
plxy,y1) = %fo(xl,yl) = 2% = %
PO, 2) = ~fu(1,32) = 2
1

1
p(xg, y1) = ﬁfo(XZJyl) = 6

p(x2,¥2) = %fo(xz,yz) = 2% - %
=2 3 o )
_ ‘% log, (%) _ % log, (%) - % Tog,(3) + % log,(6) ~ 1.9182bit
p(x1,2) = %fo(xlazz) = 3% = %
p(xy,2) = %fo(xz,zz) = é
p(xg,21) = %fo(xz,zl) = 2% = %

1 1 1 1 1 1
H(X,Z)=—log (E)_E'mgz (g)—g'logz (g)

1 1 1
=3 -log,(2) + . log,(6) + 3 log,(3) ~ 1.4591bit

1 1 1
p(r1,22) = ﬁfo(yl,Zz) =32=1

1 1
p(y2,2) = ﬁfo()’mzz) =z

1 1 1
p(y2,21) = ﬁfo(yZ’zl) = 28 = §

H(Y,Z)=H(X,Z) ~ 1.4591bit

PO, 1,52) = o,y 2) = 2 =
p(x1,Y2,21) = %fo(xl,yz,zz) = %
p(x2,¥1,%) = %fo(xz,yl,zz) = %
p(x2,¥2,21) = %fo(xz,yz,zl) = 2% = %

1 1 1 1

= %logz(S) + %log2(6) ~ 1.9182bit
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QX;Y;Z)=H(X,Y)+H(X,Z)+H(Y,Z)—HX)—H(Y)—H(Z)—H(X,Y,Z) = Obit

Alternatively the Interaction Information can be calculated as follows, simultaneously we can see that the
variables are not independent from each other:

I(X,Y;Z)=H(X,Y)+H(Z)—H(X,Y,Z) ~ 1.9182bit +0.9182bit — 1.9182bit = 0.9182bit > 0
I(X;Y)=HX)+H(Y)—H(X,Y)~ 1bit + 1bit — 1.9182bit = 0.0818bit > Obit
I(X;Z)=HX)+H(Z)—H(X,Z)~ 1bit +0.9182bit — 1.4591bit = 0.4591bit > Obit
I(Y;Z)=H(Y)+H(Z)—H(Y,Z) ~ 1bit + 0.9182bit — 1.4591bit = 0.4591bit > Obit

QX;Y;2)=I1(X,Y;Z)—[I(X;Z)+I(Y;Z)] = 0.9182bit —[0.4591bit + 0.4591bit] = Obit
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B Graphs of Logarithmic Functions

The graphs of the logarithmic functions (Figure 64-66) are useful for a better understanding of the
entropy introduced in Section 2.1. The graphs correspond to log,(x) functions with a base of 2. The

graph of a function with log; (x) = log,(x) - log;(2) would only scale the y-axis by log;(2).

p
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
f(p) ‘ ‘ ‘ ‘ ‘ ‘ | ‘
_2 1
_4 1
_6 1
_8 1
_10 i
Figure 64: Graph of the function f(p) =log,(p), where 0 <p <1
p

Figure 65: Graph of the function —p - log,(p)

Figure 66: Graph of the function log,(n), where 1 <n

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
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C Derivation of the Interaction Information by relaxed data sample assignments

Derivation of Interaction Information Q(X;Y;Z) by a weighting vector w that weights the influence of

all data samples:

X?Z:Z

m 9
2.
1 k=1

1j=

i jx = DPijk (1082(Pi,j,k) —log,(p; ;) —108,(P; i) —108,(Pj k) + logy(p;) + log,(p;) + 1082(5k))
The weighting vector consists of h weights because h samples are given.

w=wy,wy,.,w), 0<w,<1Vv=1,..,

(229)

(230)

(231)

Table 20 shows for every weight the corresponding data sample that is weighted in its frequency of

occurrence.

Table 20: Data samples with weighted frequency of occurrence

Weighted data samples

Frequency || Data samples
Wi S11 | S1,2 | S13
Wy S21 | S22 | Sa3
wy S11 | S12 | Si3
Wy Su1 | Sh2 | Shs

The following functions are designed to allow a consideration of the data samples in the calculation of

the probabilities that are needed later in the derivation.

5(x):{

di(i,j) = 6(s1,0 — %) - (51,2

0, x#0

1,

di(i,jy = 6(s;1—x;) - 6(s10—
dy iy =0(s;1—x;)0(s13—2)
di i) =6(s12— ;) (513 — =)

d; iy =0(s11—x;)
diy=0(s12—Y;)
dj iy =0(5;3—2k)

Vi=1,..,n,j=1,..,

The derivation of the Interaction Information can be decomposed as follows:

~

VQ(X;

’"<12
NZ
N/
I

x=0

m, k=1,..

3QX;Y;7)
awy _

9Q(X;Y;Z)
owy

3QX;Y;Z)
dwy,

—)’j) : 5(51,3 — %)
}’j)

L, l=1,..,

(232)

(233)
(234)
(235)
(236)
(237)
(238)
(239)

(240)
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AQX;Y;7) ZZZ 90, jk
ow i=1 j=1 k=1 ow,
82ii,;,k _ 3I~?i,j,k 1082(5i,j,k) + aﬁi,j,k log,(p;) + aﬁi,j,k 10g2(l~?j) + 3I~?i,j,k log, (i)
aWZ B an an an aWZ
_ 3ﬁi,j,k 1082(51',]') _ 95i,j,k logz(ﬁi,k) _ aﬁi,j,k 1082(5]‘,0
an an an
Vi=1,...,h
The seven summands are derived separately.
Summand 1:
aﬁi,j,k 1082(5i,j,k) _1 Pl 9Pijk 0 1082(5i,j,k)
w = 1og,(Piji) - N
d 10g2(f7i,j,k) _ d 1082(Pi,j,k) ' api,j,k
an 3ﬁi’j,k an
d logz(ﬁi,j,k) _ 1
aﬁLLk ln(z)’ﬁgﬁk
3ﬁijk1082(l~)ijk) 1 aIN?ijk
= = | + C—
w, (ogz(Ple) n (2)) ow,
Summand 2:
9Dijx10g,(p; ;) _ 3P1 Pijk  ~  Ology(pyy)
w, 08,(Py,j) - +Dijk- “ow,
7 1082(51',)') _ 7 1082(Pi,j) api,j
ow, 9Py, dw,
7 logz(ﬁi,]’) _ 1
oD;; In(2) - p; ;
3ﬁ¢kbgﬂﬁw) —log, (5 )- 3E1k 5Uk .apu
ow, B21Pij ow, In(2)-p;; Ow
Summand 3:
35i,j,k 10gz(l~7i,k) — log, (B 1) - ap; ok 5i,j,k ] 6’Pi,k
an g2 pl k Wl ln(2) . ﬁi,k an
Summand 4:
35i,j,k 1082(51,0 oD ; ok ﬁ',j,k apj,k
=1og,(pjx)- — -
ow, ow,; ln(2)-ka ow,
Summand 5:
35i,j,k log,(p;) — log, (5,) - 35i,j,k 5i,j,k ‘ api
ow, 2 3w, In(2)-p; dw,

(241)

(242)

(243)

(244)

(245)

(246)

(247)

(248)

(249)

(250)

(251)

(252)

(253)

(254)

(255)
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Summand 6:

9Di,jx10g,(P;) _ . 9pi; Pij op;
— L logy() (256)
ow; ow; In(2)-p; dw
Summand 7:
aﬁijklogz(ﬁk) 35ijk P ik Ik
— T — g, () - =2 Ay 257
aw; 82(P) dw;  In(2)-p. 9w (257)
Calculation of p; ; , and aiwlf’i, ik using the “Quotient rule”
h
- 1 wy-dy i+ b
pi,j,k(wl""iwh): D EEre——— 'ZWU 'dv,(i,j,k) = (258)
(Z}Ii:l Wv) v=1 Wit
h dc
a= > w,, a—lzo (259)
v=1,v#l Wi
h
ab;
b= > w,d, i, =0 (260)
v=1,v#l
op; i x(wq,...,wy) 8 (wi-digin+Db
Pijx\W1 no_ 1 Ay(i,j,k) I 261)
an an Wi + C
i Wi te)=widig i +b)-1 ordign—b 262)
(w; +¢)? (W +¢)?
h h
e Wo A0~ 2apmyem Wo o 263)
- h
(Wl + szl,v#l WV)2
h h
szl,v#l wy - dl,(i,j,k) - szl,v#l wy - dV,(i,j,k)
= 5 (264)
h
(Zv=1 Wv)
h h
(0o we) - i = We - duiiy = omr.om Wo - dugiit)
= > (265)
h
(Zv=1 WV)
h h
(Zyzl Wu) : dl,(i,j,k) —Wwr dl,(i,j,k) - (Z,,zl wy - dv,(i,j,k)) +w- dl,(i,j,k)
= - 5 (266)
(Zv=1 Wv)
h h
(ZV:1 Wu) dy i) — (Z v=1Wuv "’ dv,(i,j,k))
= 5 (267)
h
(Zv=1 Wv)
h
W (i — o)
_ Zv—l v 1,(i,j,k) ,(1,J,k) (268)

(ZLl WV)2

Vi=1,.,n,j=1,..m k=1,...,q,l =1,....h
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. o ~ . .
Calculation of Fw; Di,jk using the “Product rule” as approval for the previous result

h
PijxWy,wy) = + -Zwy dy i (269)
( v=1 WV) v=1
g . 1 S (270)
aw; (Zy:1WV) (Z};:lwv)
h
aiwl (; w, - du,(i,j,k)) = dy,(i,j,0) (271)

- h
OPijkWiown) — diin 2 Wo duggn

= (272)
h h 2
3W1 (szlwv) (Zy:lwl/)
h h
(Zyzl Wv) “dy i — Zuzl Wy, dy (750
= 3 (273)
h
(Zv=1 Wv)
h h
(0 w,) iy — Sy w, - dy s
= > (274)
h
(Zu:l Wl})
h
_ Zyzl Wy - (dl,(i,j,k) _Zdv,(i,j,k)) 275)
h
(Zy:l WU)
Vi=1,..,n,j=1,..,m, k=1,...,q,l=1,...,h
Using equations (270) and (269), the derivation can be written in relation to p; ; x:
aﬁi,j,k(Wb ceey Wh) _ dl,(i,j,k) _ﬁi,j,k(Wb vy W) 276)

A (2’221“’1))

Vi=1,..,n,j=1,...m, k=1,...,.q,l =1,...,h

This result can be interpreted as follows:

If the [-th data sample (s;;,s;,,s;,) has the exact values (x;, y;, %), the probability p, ; , that the value
combination (x;, y;,2;) occurs increases if w; increases, unless p; ; ; is already 100%. In that case the
derivation is positive or zero (see equation (277)).

In contrast, if the [-th data sample (s;,,s;,,5;,) does not exactly contain the values (x;, y;,), an increase
of w; would decrease p; ; , because the probability of another value combination increases, unless p; ;
is already 0% (see equation (278)).

3ﬁi,j,k(W1,---,Wh) _ 1 _ﬁi,j,k(wlz---’wh)

= > 0 case of (s;,,51,,51.) = (%, ¥i,%x) (277)
h 1’12213 vJ]g
an (Zy:lwv)
op; i 1(wq,...,wy) Di (Wi, .o, wp)
LK 3 = L - & "2 <0 case of (81,5 8155513) 7 (Xi5 Y55 21) (278)
i (Ziiw)

Vi=1,.,n,j=1,...,.m k=1,..,q,l=1,...,h
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Calculation of all probabilities and derivations that are required for the seven summands:

h
2 Wo doi g

Pijx(w,wy) = ( h
Zv:lwv)
OD;j k(W15 W) _ Z}; W (dz (i) — dy(uk)) di (i jk) = Pij k(W15 e, W)
= i :
h
Pij(wy, s w )—Zv=1WV'dv,(i,J‘)
i,j 15+ W) = ( -
ZV:lwv)
aﬁi,j(Wl,...,Wh) . ZZ 1w (dl @) du,(i,j)) _ dl,(i,j)_ﬁi,j(wl:---;wh)
0 - - 5 _ :
Wz (Zm) (=)
Bige(wi, . w )—ZZ:lWV'dv,(i,k)
i,k 15y Wh) = -
(Zv=1wv)
~ A )
P (Wi, ..owy) YW (dz i) — v i, k)) dz,(i,k)—Pi,k(Wl,---,Wh)
= _ :
dw, (Zﬁzlwv) =)
h
Pjr(wy,..,w )—Z":lWV'dv,(j,k)
j’k JERLIS] h) — ( i’
Zv:l Wv)
E@kthqWﬂ__zzl (@UH dﬂﬂﬁ dj () — ﬁMUﬁ,wwﬁ
= : )
ow, (Z};=1Wu) (szlwu)
h
ﬁi(wla ceey Wh) = Z(U:lhwv ) dv)s(l)
Zv:lwv
~ N i
8pi(wl,...,wh) . Zv 1 (dl Ol dy,(i)) _ dz,(i)—pi(wl,...,wh)
— _ _ :
an (Z};:lwv) (szlwv)
h
Di(wy,.,wy) = 2ip=1 Mo dugy
j 15> Wh) — ( N
Zv:lwv)
3ﬁﬁﬁprﬁ__Zﬁ1 (@o)(h@)_duﬂ—ﬁﬁmrwwﬁ
= _ _ s
dw, (=t w,) (=, w,)
Dr(wy, ey wy) = 2o dug
k 155 W) =
(2}13:1“’1/)
— h i
0Dk (W1, s Wh) _ Yoo (g —dow)  digy = Br(wi, oo wy)
ow;

(z’zzlwy)z o (w)

Vi=1,..,n,j=1,...m, k=1,....q,l =1,...,h

(279)

(280)

(281)

(282)

(283)

(284)

(285)

(286)

(287)

(288)

(289)

(290)

(291)

(292)

119



D Old method: Mutation based feature space partitioning algorithm

This method was implemented for the first feature space partitioning tests.
Because the other methods provide better and more robust results, this method was removed from the
feature space partitioning section.

Method description

The following simple algorithm was used for the first feature space partitioning experiments and was
planed to be improved by including some knowledge about the relations between the feature space
partitioning and the resulting values of the Interaction Information in the feature subspaces. The only
knowledge that was found is that a small change of a feature subspace leads to a small change in the
corresponding Interaction Information because the Interaction Information is influenced by all data sam-
ples in the feature subspace. For example, if 5% of the samples in the data of the feature subspace are
changed, the Interaction Information will be similar to the value before because it is still dominated by
the old 95% of the data samples. Apart from that, the change of the Interaction Information that is caused
by adding or removing a data sample to a feature subspace depends on the cooperation with the rest of
the considered data samples. Hence, we make the following assumption:

In two feature subspaces with similar corresponding data samples the change of the Interaction In-
formation that is caused by the removal or the addition of a certain data sample is similar.

Because of this assumption, it is more promising to test whether the removal or addition of a certain
sector brings a desired change in the Interaction Information if the last test of this sector was made with
a feature subspace that is quite different from the current feature subspace. Therefore, a sector that
was removed or added in the current iteration of the algorithm that is causing a benefit, should stay
in this current state until a certain number of other sectors in the feature subspace has changed. As
consequence an age of a sector assignment was implemented in the algorithm. And a new assignment
of a sector is not possible until a at least a certain age of the last assignment change was reached. This
assumption restricts the freedom of the otherwise completely random mutation of the sector assignment
in a reasonable way. Further knowledge can be included to find additional rules that decrease the free-
dom of the mutation to increase the convergence of the Algorithm 2.
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Algorithm 2 Search Redundancy Subspace

1: procedure SEARCH REDUNDANCY SUBSPACE

2: Decompose the entire feature space in sectors of same size and shape.

3: Consider those N sectors which contain at least one data sample and assign every sector i € {1,...,N}
either to the Redundancy Subspace (a; = 1) or to the Rest (a; = 0), where 1 < Z]lvzl a; < (N—-1)
(Random Initialization)

4: Set minimum age Ag,,;, that a sector assignment a; requires to be able to mutate.

5: At the beginning every Assignment is set to an age, where it is ready to mutate Ag; = Ag,,i,Vi €
{1,..,N}

6: The maximum number of iterations iwp,,,, that are performed without progress before the loop is
broken is set.

7: The current number of iterations without progress is set to iwp = 0.

8: Calculate the Interaction Information Q,,,, in the current Redundancy Subspace.

9: while iwp < iwp,,,, do

10: Calculate s = vazl a;, which is the number of sectors that are assigned to the Redundancy
Subspace.

11: Determine the index subset M C {1,...,N} of the Assignments a; that can be inverted. The
elements of M satisfy (Ag; = Agin) AN[2<s<N—-2)V((s<2)A-aq;)V((s>N—-2)Aq;)]

12: Invert a random Assignment a,, r € M

13: Calculate the Interaction Information Q,,,,, in the Redundancy Subspace after the mutation

14: Increase age of all Assignments Ag; =Ag; +1Vie{l1,..,N}

15: if (Qbest > Qnew) v ((Qbest == Qnew) N (ar == 1)) then

16: Ag, =0

17: iwp=20

18: Qpest = Quew

19: else

20: Invert the Assignment a, to undo the last mutation

21: iwp=iwp+1

22: end if

23: end while

24: end procedure

Advantages of Algorithm 2:

1.) The optimization criterion can easily be changed by replacing line 15. For example, if the “>” sign is
replaced by “<” the search Redundancy search is modified to a Synergy search.

2.) Larger feature subspaces are preferred over smaller feature subspaces if the Redundancy value is
greater or equal.

Note: A larger Redundancy feature subspace leads to a more frequent usage of the simple system model.
3.) Simple implementation and easy modification

4.) Includes the knowledge that is used for the assumption that was explained above.

5.) Stops if no progress is detected for a certain number of iterations.

6.) The complexity of the optimization can be scaled by the number of used sectors.

Disadvantages of Algorithm 2:

1.) The quality of the result differs from run to run.

2.) Due to the mutation of only one sector per iteration, the result converges to a local best result, that
strongly depends on the random initialization.
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E More fitness function examples for the genetic algorithm

In section 3.2.1 about the genetic algorithm, only two fitness function examples are listed. The rest of
the fitness function examples was moved to the appendix:

3.) Goal: Non-Interaction in feature subspace 1:
f()=f(Dg;,Dy;,%) =—|Q(Dy )| —w-min{I(X; ;; Y ;), (X1 Z1,:), I(Y1:5Z1,)} (293)
where w is the weight of the second term and X, ;, Y; ;, Z; ; are the variables from D ;.

4.) Goal: Maximum Redundancy in feature subspace 1, while the size of the feature subspace 1 is
maximized, too:

b
F(@) = f(Dop Dy %) = —|QD )l +w- > x; (294)

j=1

where w is the weight of the second term and x; ; is one entry of x;.

5.) Goal: Maximum Redundancy in feature subspace 0 and maximum Synergy in feature subspace 1:
f(i)=f(Dg;,Dy4,%;) = —Q(Dg;) +Q(Dy ;) (295)

where w is the weight of the second term and x; ; is the j-th entry of x;.

6.) Goal: Maximum Synergy in feature subspace 1, while the number of sectors should not fall below n:

100b

b
s = Z oy (297)

j=1

)= £(Dy. Dy %) = Q(Dy ) +w- ~10 e L - 3_)
f(l)_f(DO,le,le)_Q(D1,1)+W ((1+€ b ) +15 1082(10 + ) (296)

where w is the weight of the second term and x; ; is the j-th entry of x;. Figure 69 shows the curve of
the second term, which is the sum of the curves from Figure 67 and 68. A minimum number of sectors
can be used to force a minimum size of a feature subspace.
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Figure 67: Graph of the sigmoid function y(s;) = (1 + e_$‘(si“_”)) ,b=22,n=7
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Figure 68: Graph of the logarithmic function y(s;) = % 10gy(107° + 1555

), b=22,n=7
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Figure 69: Graph of the function y(s;) = (1 + e_¥'(si+1_")) + 15 -1ogy(107° + 155), b =22, n="7, which is the
second term of a fitness function in equation (296).
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F Complete collection of pictures from the feature space partitioning experiment

Due to the large number of pictures that were produced while the partitioning of the feature space using
the developed methods in section 4.4.2, the complete collection of 18 pictures (3 datasets) x (3 methods)
x (2 goals) were moved to the appendix.

The meaning of the parameters that are noted in the upper part of the pictures is summarized in the
following list:

Parameter overview of the feature space partitioning methods (see section 3.2 for more details)

Method 1: Genetic Algorithm

w: Number of parents, which is equal to the size of the initial population and the number of offspring
A=U.

e: Number of elitists

T: Number of iterations

S: Selection pressure

Npoine: Number of random crossover points while the recombination

P Probability for every assignment bit in the offspring that it is inverted

Method 2: Gradient Descent

y: Step size in an optimization step

sgn: If yes then the gradient is used in a signum function.

Aw: The change of every relaxed sector assignment for the approximation of the gradient using the
difference quotient

c: Is a parameter of the penalty function that measures the constraint violations of the relaxed sector
assignments. ¢ > 1 allows a stronger weighted penalty for greater constraint violations.

c.: The higher c, the later the penalty function f, takes a significant effect in the optimization process.
T: Number of iterations

Method 3: Map Reinforcement

y: Step size in an optimization step

Whormmin: Smallest value that occurs in W after the normalization of w.

N+ Number of w-thresholds that are tested, before the values of w are quantized to O or 1.
T: Number of iterations

The partitioning results are shown in the following pictures. The sectors that are colored in magenta
are the sectors of feature subspace 1, where the value the Interaction Information Q; is optimized, while
Q, is the Interaction Information of the remaining feature space.

Partitioning of Dataset 1

The following pictures are showing the partitioning results for Dataset 1.

Dataset 1: Results for Method 1:

The partitioning result using Method 1 to maximize Q; is shown in Figure 70, while the result using
Method 1 to minimize Q; is shown in Figure 71. In the upper part of the pictures the results of Q; and
Qo and the exact parameters, that were given to the method, are listed. In both pictures Q; is correspond-
ing to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to
the feature subspace 0 which consists of the remaining sectors.
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Method: Genetic Algorithm, Goal: Mazimize Q,
Parameters: =200, e=1, T=300, S=1.40,
Mpoint =81 Py, =0.01

Result: @, =0.9222bit, Q, =—0.4450bit 64
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Figure 70: Partitioning of Dataset 1 using Method 1 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Genetic Algorithm, Goal: Minimize Q,
Parameters: © =200, e=1, T=300, S=1.40,
npoint:8' P =0.01
Result: @, =—2.00000it, Q, =0.1851bit
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Figure 71: Partitioning of Dataset 1 using Method 1 to minimize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 1: Results for Method 2:

The partitioning result using Method 1 to maximize Q; is shown in Figure 72, while the result using
Method 1 to minimize Q, is shown in Figure 73. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q; is corresponding
to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to the
feature subspace 0 which consists of the remaining sectors.
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Method: Gradient Descent, Goal: Maximize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,c.=8,T=11
Result: Q, =0.8908bit, Q, =—0.5790bit
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Figure 72: Partitioning of Dataset 1 using Method 2 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Gradient Descent, Goal: Minimize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,c.=8,T=11

Result: Q, =—1.8843bit, Q, =0.4096bit 64
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Figure 73: Partitioning of Dataset 1 using Method 2 to minimize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 1: Results for Method 3:

The partitioning result using Method 1 to maximize Q; is shown in Figure 74, while the result using
Method 1 to minimize Q, is shown in Figure 75. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q; is corresponding
to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to the
feature subspace 0 which consists of the remaining sectors.
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Method: Map Reinforcement, Goal: Mazimize Q,
Parameters: v=10.00, w4, i =0.01,

Ny =10, T=10
Result: Q, =0.9718bit, Q, =—0.2605bit
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Figure 74: Partitioning of Dataset 1 using Method 3 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Map Reinforcement, Goal: Minimize @,
Parameters: v=10.00, W,y min =0.01,

ny,, =10, T=10

Result: Q, =—1.8586bit, Q, =0.3825bit 64
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Figure 75: Partitioning of Dataset 1 using Method 3 to minimize Q that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace O which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Partitioning of Dataset 2

Dataset 2 has much more data sample positions in the feature space than Dataset 1 and 3. In order to
reduce the computation time, the sector size 2x2 were chosen.

Dataset 2: Results for Method 1:

The partitioning result using Method 1 to maximize Q; is shown in Figure 76, while the result using
Method 1 to minimize Q; is shown in Figure 77. In the upper part of the pictures the results of Q; and
Qo and the exact parameters, that were given to the method, are listed. In both pictures Q; is correspond-
ing to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to
the feature subspace 0 which consists of the remaining sectors.
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Method: Genetic Algorithm, Goal: Maximize Q,
Parameters: =200, e=1, T=300, S=1.40,
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Figure 76: Partitioning of Dataset 2 using Method 1 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Genetic Algorithm, Goal: Minimize Q,
Parameters: =200, e=1, T=300, S=1.40,
Mpoint =81 Py, =0.01
Result: Q, =—2.5408bit, Q, =2.0042bit
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Figure 77: Partitioning of Dataset 2 using Method 1 to minimize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 2: Results for Method 2:

The partitioning result using Method 1 to maximize Q; is shown in Figure 78, while the result using
Method 1 to minimize Q; is shown in Figure 79. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q; is corresponding
to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to the
feature subspace 0 which consists of the remaining sectors.
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Method: Gradient Descent, Goal: Maxzimize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,¢, =8 T=11

=2.8995bit, Q, =—0.0099bit
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Figure 78: Partitioning of Dataset 2 using Method 2 to maximize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace O which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Gradient Descent, Goal: Minimize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,c,=8,T=11
Result: Q, =—0.1040bit, Q, =2.8681bit
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Figure 79: Partitioning of Dataset 2 using Method 2 to minimize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 2: Results for Method 3:

The partitioning result using Method 1 to maximize Q; is shown in Figure 80, while the result using
Method 1 to minimize Q; is shown in Figure 81. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q; is corresponding
to the feature subspace 1 which consists of the magenta colored sectors and Q,, is corresponding to the
feature subspace 0 which consists of the remaining sectors.
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Method: Map Rein forcement, Goal: Maxzimize Q,
Parameters: v=10.00, w,,., nin =0.01,
=10, T=10
Result: Q, =2.9900bit, Q, =—0.0669bit
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Figure 80: Partitioning of Dataset 2 using Method 3 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Map Rein forcement, Goal: Minimize Q,
Parameters: v=10.00, w,,,.,, yin =0-01,
gy =10, T=10
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Figure 81: Partitioning of Dataset 2 using Method 3 to minimize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Partitioning of Dataset 3

Dataset 3: Results for Method 1:

The partitioning result using Method 1 to maximize Q; is shown in Figure 82, while the result using
Method 1 to minimize Q; is shown in Figure 83. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q; is corresponding
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to the feature subspace 1 which consists of the magenta colored sectors and Q, is corresponding to the
feature subspace 0 which consists of the remaining sectors.

Method: Genetic Algorithm, Goal: Mazimize Q,
Parameters: =200, e=1, T=300, S=1.40,
npgint =8' P =0.01
Result: Q; =2.0000bit, Q, =—2.0000bit

Figure 82: Partitioning of Dataset 3 using Method 1 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Genetic Algorithm, Goal: Minimize Q,
Parameters: © =200, e=1, T=300, S=1.40,
npnin,t =8' Pm =0.01
Result: Q, =—2.0000bit, Q, =0.3774bit

Figure 83: Partitioning of Dataset 3 using Method 1 to minimize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 3: Results for Method 2:

The partitioning result using Method 1 to maximize Q; is shown in Figure 84, while the result using
Method 1 to minimize Q; is shown in Figure 85. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q, is corresponding
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to the feature subspace 1 which consists of the magenta colored sectors and Q, is corresponding to the
feature subspace 0 which consists of the remaining sectors.

Method: Gradient Descent, Goal: Mazimize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,¢ =8, T=11
Result: Q; =2.0000bit, Q, =—2.0000bit

Figure 84: Partitioning of Dataset 3 using Method 2 to maximize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace O which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Gradient Descent, Goal: Minimize Q,
Parameters: v=0.10, sgn: yes, Aw=0.01,
c=2,c¢. =8, T=11
Result: Q, =—2.0000bit, Q, =2.0000bit
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Figure 85: Partitioning of Dataset 3 using Method 2 to minimize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Dataset 3: Results for Method 3:

The partitioning result using Method 1 to maximize Q; is shown in Figure 86, while the result using
Method 1 to minimize Q; is shown in Figure 87. In the upper part of the pictures the results of Q; and Q,
and the exact parameters, that were given to the method, are listed. In both pictures Q, is corresponding
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to the feature subspace 1 which consists of the magenta colored sectors and Q, is corresponding to the
feature subspace 0 which consists of the remaining sectors.

Method: Map Rein forcement, Goal: Maximize Q,
Parameters: v=10.00, W,y nin =0.01,
Ny =10, T=10
Result: Q, =2.0000bit, Q, = —2.0000bit
T T T T T T T T

Figure 86: Partitioning of Dataset 3 using Method 3 to maximize Q; that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.

Method: Map Rein forcement, Goal: Minimize Q,
Parameters: v=10.00, W,y min =0.01,
Ny =10, T=10

Result: Q, =—2.0000bit, Q, =2.0000bit 40
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Figure 87: Partitioning of Dataset 3 using Method 3 to minimize Q, that corresponds to feature subspace 1 which
consists of the magenta colored sectors. Q, corresponds to feature subspace 0 which consists of the
remaining sectors. The parameters that were used for the method are displayed above.
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